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Abstract— We consider two nonlinear state estimation prob-
lems in a setting where an extended Kalman filter receives
measurements from two sets of sensors via two channels (2C).
In the stochastic-2C problem, the channels drop measurements
stochastically, whereas in 2C scheduling, the estimator chooses
when to read each channel. In the first problem, we generalize
linear-case 2C analysis to obtain — for a given pair of channel
arrival rates — boundedness conditions for the trace of the
error covariance, as well as a worst-case upper bound. For
scheduling, an optimization problem is solved to find arrival
rates that balance low channel usage with low trace bounds, and
channels are read deterministically with the expected periods
corresponding to these arrival rates. We validate both solutions
in simulations for linear and nonlinear dynamics; as well as in
a real experiment with an underwater robot whose position is
being intermittently found in a UAV camera image.

I. INTRODUCTION

The notion of intermittent information, whether an in-
trinsic or human-imposed control system property, has been
extensively investigated for over two decades [1]—[3]. These
efforts naturally fall within the scope of networked control
systems [4], [5]. For example, lossy communication channels
with limited bandwidths, scheduling protocols, packet colli-
sions, sensor occlusions and limited communication/sensing
ranges give rise to intermittent information. On the other
hand, feedback is expected to supply estimators and con-
trollers with up-to-date data regarding the process of interest.
To resolve this tension, it is important to establish conditions
leading to a satisfactory estimation and/or control perfor-
mance in the presence of intermittent information. Herein,
we focus on estimation under intermittent measurements.

In particular, we consider a scenario in which a nonlinear
system is observed by two sets of sensors via two respective
channels. Either set of sensors may in general be local,
but we use the name “channel” even in that case, since it
is standard [6]. Our main objective is to propose solutions
for two related problems in this nonlinear two-channel (2C)
setting: stochastic-2C estimation, where the two channels
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drop measurements stochastically with different probabilities
(an intrinsic property), and 2C scheduling, in which the
estimation algorithm may choose whether to use either of
these channels at each discrete time step (a human-imposed
property).

The scenario above is motivated by a practical problem
that occurs in the European Horizon 2020 SeaClear project
[7]. An Unmanned Underwater Vehicle (UUV) has access to
its internal sensors at every step, but these sensors cannot
compensate for drift in the position estimate. On the other
hand, underwater absolute position sensors are expensive
and sometimes unreliable, so instead, the UUV position is
determined using the camera image of an Unmanned Aerial
Vehicle (UAV), which is however possible only when the
UUV is close enough to the surface to be visible. Thus,
this second sensor is available intermittently, and the UUV
chooses when to resurface to make it available. Beyond this
specific case, the two-channel (2C) scenario appears e.g.
when shared communication networks with limited through-
put are encountered [3], [5].

In linear Kalman filtering with intermittent measurements
on a single channel, conditions on the boundedness of
estimation error covariance were developed in [8]. That ref-
erence showed that there exists a critical value for the arrival
rate of the single-channel measurements, beyond which the
covariance becomes unbounded. This critical probability has
been further analyzed in [9]. Reference [6] extended the
results in [8] to stochastic-2C Kalman filtering, with proba-
bilities A\; and A of successfully delivering measurements.
The authors of [6] proved the existence of a sharp transition
curve for the stability of the iteration on the covariance
matrices and show that, when one of the arrival probabilities
is fixed, the critical value of the other one can be found by
solving a series of linear matrix inequality (LMI) feasibility
problems. In the previous works, the arrival probabilities
were assumed to be i.i.d. from a Bernoulli distribution. The
case when the observations become available according to a
Markov process modelling a Gilbert-Elliot channel has been
considered in [10].

As a first contribution, we “turn around” the estimation
method from [6] so as to apply it to linear 2C scheduling. To
this end, we read each channel ¢ € {1, 2} with period T; =
[/\%j,l which ensures that the guarantees of [6] apply with
the corresponding values of \;. To find a pair of arrival rates
(A1, A2), we optimize over a predefined set of candidate pairs

'Operator |-] takes the floor of the argument.



from which we exclude infeasible values that lead to unstable
estimates. The objective function balances low values of A;,
so as to reduce channel usage, with a low trace of the error
covariance matrix, so as to improve estimation accuracy.

Our larger objective is to devise a solution for the nonlin-
ear case, which will be the key contribution of the paper
and the main difference from [6]. For that purpose, we
first analyze stochastic-2C Extended Kalman Filtering (EKF)
for a class of discrete-time nonlinear systems in which
the linearized transition dynamics vary in a polytope. For
a given pair of arrival rates, we develop LMI conditions
to establish boundedness of the covariance matrices and
compute a worst-case upper bound. To our best knowledge,
the present paper is the first to consider the nonlinear 2C
setting. Stochastic stability of the discrete-time EKF has been
investigated in [11], and the case with intermittent measure-
ments on a single channel has been analyzed in [12]-[14].
While the discrete-time model considered in [12] is quite
general, it has the shortcoming that the measurement matrix,
albeit time-varying, must be invertible. Specific variants of
EKF with intermittent measurements have been developed
for localization [15] and tracking [16]-[18]. Stability of the
unscented Kalman filter with intermittent observations has
been analyzed in [19].

Moreover, we consider 2C scheduling for the EKF, where
we solve a similar optimization problem to the one from
the linear case in order to get )\;, and then read the channels
with the corresponding periods 7T;. Differently from the linear
case, we apply the newly developed EKF conditions. Since
this solution may sometimes be conservative, we additionally
propose an empirical, iterative application of the KF condi-
tions, which assumes that the nonlinear dynamics are slowly
varying. This last approach linearizes the nonlinear system
around the current operating point and recomputes \; by
solving the linear-case optimization problem. The procedure
is repeated when the dynamics deviate significantly from the
previous linearization.

To illustrate the approaches developed, we start with
simulations in the linear KF case, since the approach in [6]
was not validated numerically. Then, we apply 2C scheduling
to estimate the pose of a nonlinear rigid-body system using
an EKF. Finally, we present a real-life underwater robotics
experiment where the onboard-channel is always on, and the
UAV-camera-based positioning channel is read with our 2C-
scheduling approach. In this experiment, the state estimate
is validated against underwater acoustic positioning.

Next, in Section II, we provide the analysis of the stochas-
tic 2C EKEF, followed by the methods for 2C scheduling in
both the linear and nonlinear cases in Section III. Simulation
and real-robot experimental results are given in Sections IV
and V, respectively. Section VI concludes the paper.

II. ANALYSIS OF STOCHASTIC-2C EXTENDED KALMAN
FILTERING

The main theoretical contribution of the paper is to analyze
the statistical properties of the covariance matrices for the

EKF, when applied to a class of discrete-time nonlinear
systems with intermittent 2C measurements.
We consider the discrete-time nonlinear system

Trt1 = f(xx) + Bug + wy,

ey
yk = ka + Uk,

where x;, € R"= denotes the state at time k, u € R™ is
the input, y € R"v is the measured output, and w and v
are zero-mean white noises, with covariances Q = Q7 > 0
and R = RT > 0, respectively. B is the input matrix and
f:R™ = R" is a vector function. Note that a linear input
dependence is assumed.

We consider a scenario similar to [6], with the measure-
ment vector y supplied by two sets of sensors, whose outputs
are encoded separately and sent via two different channels.
The output y is consequently partitioned as

Yer1) _ (Ch V1
)= (@)=+() @
with y, = <Z’Z;), C = <g;), v = (ﬁ;) The

measurement noises are vy ~ N(0,R;;) and vap ~
N(0, Raz), where R = g; g;z
lossy and not all measurement packages are received. The
arrival of measurement y,, ,, ¢ = 1, 2, at time k is given
by a binary variable, 7; ;, sampled from a Bernoulli process
with probability P(yz,; = 1) = A;, ¢ = 1, 2. We consider
independent sensors and channels, so the probability of both
measurements arriving at the same time is Aj As.

To estimate the states of the system, we consider an EKF.
We denote Ay, := g—i \am and develop general results. Later
on, to obtain conditions that are easier to implement, we will
consider the case when A, € Co(A4,), j = 1,2,---,a,
where Co(.) denotes the convex hull.

The time update is independent of the measurements and
the predictions are based on model (1), i.e.,

. The channels may be

Zpi1k = f(@r) + Bug,

3)
Pyiie = APy AL + Q,

where the usual notations are used, i.e., k + 1|k denotes
prediction and so &y, is the predicted state, Ty, is
the estimated state after the kth measurement has been
processed, Py;, is the estimator covariance matrix at the
same moment, and so on.

Following [6], [8], the update equations depend on the
measurements received. If no measurements are received,
then only prediction is performed. Otherwise, the state and
the covariance matrices are updated using the received mea-
surements, i.€.,

ZTpsijht+1 = Trs1pt

+ Vet 117412 P 1k CT (C P i CT + R) ™' x

X (yk+1 - CikJrl\k)

+ Vi1, (1 = Yt1,2) Pey1 1 CF (C1 Py Cf + Rip) ™' x

X (Yps1.1 — C1Zrs1)k)



+ (1 = Yt1,0) V41,2 P18 C5 (Co Py xC5 4 Raz) ™' x
X (Ypq1,2 — CoZpyap)s
Pet1ik+1 = Pryie—
— Vet 1170412 Pe 4 15CT (C Py 1k CT + R) ' C Py
— Yot 1,1 (1 = Yt1,2) Pog 16 CT (C1Pyynx CT + Ri1) ™' x
X C1Prg1jk
— (1= 41,0 %+1,2Pi416C3 (C2Pyg1C3 + Raa) ™' x
X CoPpi1-
4)
In what follows, we use the simplified notation Py :=

Py 1k Then, the predicted covariance matrix at sample k+1
can be expressed as

Py = AP AL + Q-

— Y1k A PLCT (CPL.CT + R) ™' C P AL

— Y1 (1 = Y12) AR PO (C1 P CY + Ryy) ' CL PR AL

— (L= 7k,1) 7,24k O3 (C2 PuCY + Rzg)—lcgpkA;{(.S)

Remark 1: Note that contrary to the linear case, the
matrices Py, Pjy1); are not the error covariance matrices.
However, for simplicity, we will refer to them as such.
Furthermore, since measurements may be lost, both  and
P become random variables (as they depend on the random
variables y; and 7s).

In this setting, our goal is to determine conditions on the
existence of an upper bound on the covariance matrices Pk,
given the arrival probabilities A\; and Ay of the measure-
ments; and to determine the minimal arrival probabilities \;
and A\, such that the covariance matrices remain bounded.
In order to do this, we exploit and generalize some of the
results presented in [6] and [8]. Similar to the mentioned
results, we define the functions:

i (k,X) = AkXAg + Q—

— A xcT(exo” + R)Tlox AT

— M1 = X)AXCT(Ci XOT + Ry 'O X AT
— (1 =AM Ap X CT(CoaXCF + Rop) ' CoL X AT

(6)

and
ok, Ky, Ky 1, Ki 2, X) 1=
(1= M) (1= M) (A X AL + Q) + MM (Fe XFL + Vi)
+ M (1= ) (Fra XFL + Vi)

+ (1= A) X (Frp X FLy + Vi a), -
where I}, = A, + KC, Fk,l = A; + Kklel, Fk,g =
A + K205, Vi = Q + KyRKE, Vin = Q +
Kk,lRllKg:l’ Ve = Q + Kk,2R22KkT72, and X >
0. We also define Ky, = —A,XCT(CXCT + R)71,
Kk,l,m = 7AkXCg(ClXclT + Rll)il, f(k’g,,jc =
—AkXCQT(CQXCg + R22)71.

It is straightforward to see that in the linear case, when
Ay is constant, the problem reduces to that in [6]. Fur-
thermore, for a fixed k, the properties in [6] and Lem-
mas 1 and 2 in [8] hold. Specifically, for any given £,

we have that E(Pk+1|Pk) = g,\l/\2(k‘,P]€), g>\1>\2(k7X)
is concave and non-decreasing in X, gy, (k,X) >
(1 — M)(1 — M)A XAT + Q, and thus it is possi-
ble to obtain a lower bound on E(gx,x,(k,Px)). Fur-
thermore, with the definitions of Ky, Kj 1., and
K}QQ"/I;, it follows that (b(k;Kk,mka,l,xaKk,Q,ryX) =
MiNg, , Ke1 o Keow Q8 Kiy Kit, Ky 2, X).

Next, we state some lemmas that will be useful for
developing the boundedness conditions.

Lemma 1: Define the operator

E(k‘, Y) = (1 — /\1)(1 — AQ)(AkYAg) + )\1)\2FkYFE

M (L= M) FeaYFL 4 (1= M)A Fre oY FYy.
®)
L(k,Y) is linear in Y and L(k,Y) > 0. Assume that there

exists Y > 0 such that Y > L(k,Y), Vk. Then,
1) VIV >0, limg_, 0 L(k, W) = 0.

2) Let Uy > 0 bounded and consider Yy 11 = L(k,Yy) +
Uy, initialized at Y{. Then, the sequence Y} is bounded.
Proof: Based on the assumption that 3Y > 0 so that
Y > L(k,Y), Vk, one can choose 0 < r < 1 so that
L(k,Y) < rY, Vk. The rest of the proof follows the same
lines as that of Lemma 3 in [8]. |

Lemma 2: Consider the operator ¢(k, K, K1, Ko, X) de-
fined in (7). If there exist matrices Ky, K} 1, Kj 2, and
P > 0 so that P > ¢(k, Ki, K1, Kk, P), then the
sequence Py1 = gx, £, (k, Py) is bounded for any Pj.

Proof: Define the matrices Fj, = A, + Ki.C, F1 =
Ap + Ky 1C, and Fi o = Ay + Ki2C and consider the
operator L(k,Y") defined in (8). It is easy to verify that
ok, Ki, Kig 1, K2, X) = L(k, X))+ (1= X1)(1— X2)Q +
AMA VL + )\1(1 — )\Q)Vk;}l + (1 — )\1))\2Vk,2, where V, =
Q+ KyRK[, Vin = Q + KriRuKL,, Vip = Q +
KWRQQK,ZQ, ie., p(k, Ki, K1, Ki2, X) = L(k, X)+Uy,
with Uy, being defined as Uy, = (1—XA1)(1—X2)Q+ A A2 Vi +
)\1(1 — /\Q)Vk71 + (1 — /\1)/\2‘/]@72 and, since Q > 0, R > 0,
Ri1 > 0, Ryo > 0, Uy > 0. Using the assumption that
P> ¢(k,Ky, Ky 1, Ky 2, P), we have P > L(k, P)+Uj, >
L(k, P).

On the other hand, we also have Pyi1 = g, (k, Px) <
¢(k,Kk,Kk71,Kk’2,Pk) = ,C(/ﬂ,Pk) + Uk Based on
Lemma 1, the sequence Py is bounded. |

We are now ready to state the main result on the bound-
edness of the covariance matrices:

Theorem 1: Consider the operator
¢k, Ky, Ki1, Ki2, X) defined in (7). Assume that
there exist matrices Ky, Kj 1, Kj 2 and a positive matrix
P = PT > 0 so that P > o¢(k,Kg, Ki1, Kk, P).
Then, for any initial condition Py > 0, limg_oo P =
limg s 00 gx, 0, (K, Po) is bounded.

Remark 2: Contrary to the results in [6], [8], a single point
of transition or a transition curve between boundedness and
unboundedness of Pj in general will not exist. However, a
worst-case upper bound on the critical probabilities A; and
Ao can be computed similarly to Theorem 2 of [6].

If (A1, A2) is such that boundedness is maintained, a limit
on the bound of P is given by the following theorem:



Theorem 2: Assume that (Ag, Q) is controllable, (A, C)
is detectable Vk and the pair (A1, A2) is such that Py is
bounded. Then, limy oo P <V, where V' > gy, (k, V),
V >0, Vk.

Proof: Follows the lines of Theorem 6 in [8], taking
into account that V' > 0 and V' > gx,x,(k, V) have to
hold Vk. ]

Next, we formulate a theorem to compute a worst-case
upper bound on the probabilities.

Theorem 3: If (Ay, Q) is controllable, (Ay,C) is de-
tectable Vk, then the following statements are equivalent:

1) there exists X > 0 such that X > gy, »,(k, X), V&,

2) there exist Ky, Kj 1, Kkg and X > 0 so that X >
(b(k Kk‘aKk 17Kk 25 ) Vk

3) there exist Z, Zk 1 Zk 5, and 0 < Y < T such that

vk
Y )\1)\2(YA]C + ZkC) U3 Wy
(%) Y 0 0
S (4 N
(%) (%) (x) Y
9
where U3 = /\1(1 — AQ)(YA]C + Zk7101), Uy =
A2(1—A)(YAr + Z;2C2) and (x) denotes the

symmetric term.

The condition formulated in (9) is bilinear, due to having
to search for \q, Ao, Y, etc. However, if either \; or Ay is
fixed, then bisection can be used to find the other probability,
i.e., one will have to solve a set of LMI feasibility problems.
Once a suitable pair (A1, Ag) is found, an upper bound on
the matrix Pj, can be computed as in the next theorem.

Theorem 4: 1f there exist Zy, Zy1, Zg2 and 0 < Y <
I such that (9) is satisfied, then an upper bound on
limg 00 gr, 2, (B, V') can be found by solving

argmax,, Trace(V) (10)
subject to V >0, T'(V) > 0
where
AkVAg +Q-V v /\1)\2AkVCT T'is T
(%) CVCT +R 0 0
(V)=
V) (*) (*) I35 0
(*) (*) (*) T
(11)
i3 =M1 = M) AVOT, Tiy = /Aa(1 — M) ALV T,
I'33 = 01VC%F + Ry1, T'yy = CQVOQT + Ros.

In the developments so far we have considered that
the state matrices Ay vary in time without any further
constraints. This means that the number of conditions to
be solved for Theorems 3 and 4, respectively, is infinite.
In practice, however, a domain (possibly overestimated) in
which the matrices vary can usually be determined, e.g.,
by applying sector nonlinearity [20] to the expressions of
%x. Therefore, in what follows, we impose the following
assumption.

Assumption 1: There exist constant matrices A;, and
functions h;(-), hj(k) > 0, 325, hj(k) = 1 so that
A, € Co(A;), j =1,2,---, a, Le., each matrix Ay can

be expressed as the convex combination of the matrices A,
j=1, 2, e, a, Ak—zj 1h (k)A7

Remark 3: Although Assumption 1 may be conservative,
it is an efficient way to reduce the number of conditions to
be solved and gives a way to determine a priori worst-case
upper bounds on the critical probabilities A\; and As.

Under Assumption 1, a sufficient condition for condition
(9) to hold is:

Proposition 1: 1f there exist Z;, Z;1, Zj2and 0 <Y < [
such that Vk

Y V(YA + Z,0) W2 W,
2 _ [ (%) Y 0 0
vy = (%) (%) Y 0o |~ 0
() () O
(12)
holds for j = 1,2,...,a, where W3, =

\/ /\1(1 — AQ)(YAj"’ZjJCl), \11%4 =

Z,;2C5), then condition (9) holds.

A2(1—X)(YA;+

Proof:  Let Z, = Z _hi(R)Z5, Zpn =
> io1 hi(k) 2k, and Zy o = 375 hy(k)Z; 0. Takmg into
account that Ay = Z?:l ZLJ(k)A \Il = 521 hj(k)w3.
Since h;(k) > 0 and } 5, hj(k) = 1, ¥7 > 0, j =
1, 2, ..., a, that implies ¥, > 0. O [ |

A sufficient condition for Theorem 4 is formulated
follows:

Proposition 2: If there exist Z;, Z;1, Zj2, j =
1,2, ...,a, and 0 < Y < I such that (12) is satisfied,
then an upper bound on limy_, o g, x, (k, V') can be found

solving

as

argmaxy, Trace(V) (13)
subject to V >0, T3(V)>0,j=1,2, ..., a
where
FQ(V) —
Aj+ AT +Q -V VAAVCT T T3, I
(%) CVCT+R 0 0 0
(%) (%) I3 0 0
(%) (%) (x) T% O
(%) (%) (x) (0 V
14

%5 = VAL - M)A VT, T3, = AT — A)AVCT,
I3, =CVOT + Ru, %, = CoVCY + Ras.

Proof:  Recall that Vk, Ay > i1 h](k).Aj.
Note that Ay VA > Ap + AT - V- thus
AkVAz +Q — V V Al)\gAkVCT F13 T4
(%) CVCT+R 0 0 -
(*) (*) I3z 0 -
(*) (%) (*) Tug
A+ Ag +Q -V — y-1 V /\1/\2AkVCT I'is T'ig
(%) CVCT+R 0 0
(*) (*) I's3 0
(%) (*) (x) Ty
Applying a Schur complement on the element

A + AT + @ — V — V7! and taking into account
that Ay, = 375, hj(k)A;, Vk, we obtain (14). 0O =



Remark 4: The conditions stated in Propositions 1 and 2
may in some cases be overly conservative as, if satisfied, they
will guarantee boundedness and determine an upper bound,
respectively, for all the nonlinear systems in the polytope.

Remark 5: It can easily be seen that the conditions in
Propositions 1 and 2 reduce to those in Theorems 5 and
6 in [6] in the case of a constant state matrix, i.e., when
A, = A Vkor A; = A, j =1,2,..., a. Specifically,
condition (12) reduces to

Y VAMa(YA+zCO) W, vl
1| (%) Y 0 0

vl = ) ) v o |00
(%) (%) (x) Y

with \Ifl13 = )\1(1 - )\2)(YA + ZlCl), \:[1114 =

A2(1 — A\1)(Y A+ Z5C5) and the bound on the covariance
can be calculated by solving

argmaxy, Trace(V) 6
subject to V' >0, T' (V) >0,7=1,2, ..., a
where
AVAT +Q VAixAveT T, T,
CVC"+R 0 0
(V)= (+)
V= o () T 0
(%) (%) (*) T
a7
Iy = VA1 - A)AVCT, Ty = (1 = M)AVCT,

Fé3 = C1VOT + Ry1, T2, = CoVCT + Ry,. Furthermore,
if only a single intermittent-measurement channel is con-
sidered, the conditions become those in Theorems 5 and 6
in [8].

III. TWO-CHANNEL SCHEDULING

Moving now to the 2C scheduling problem, a straight-
forward way to solve it is to find a pair of arrival rates
(A1, A2) that satisfy (12) and therefore ensure boundedness
of the error covariance matrix; and then to read each channel
i € {1,2} with period T; = L%J Since there may be many
such pairs, we formulate an optimization problem to select
the best one:

1 1
min T+el 21 fel-22,

(A1,A2)EL st (12) (18)

where set L contains finitely many candidate pairs (A1, A2),
and 7 = Trace(V*) with V* being the solution of (13)
for the pair (A1, A\3). We take finitely many pairs to be
able to solve the optimization problem by enumeration. The
objective function (18) aims to minimize both the value of
the trace (via its upper bound as a proxy) and the arrival
rates (channel usage). The exponential formulas in \; are
used to induce a preference for low arrival rates whenever
possible, in order to reduce network usage. However, a lower
rate causes the estimation error to grow, so usage is only
reduced subject to the LMI constraint on the error trace.

For 2C scheduling in the linear KF case, we apply a similar
procedure, but this time with the conditions of [6]:
7 eTN 4T

(/\17>\2§I€11Lns.t. (15) (19)

Algorithm 1 2C EKF scheduling with iterative KF condi-
tions
Input: candidate set L, dynamics f, threshold &

1: k1 « —00, ko +— —00

2: for each time step £ > 0 do

3: differentiate f around zj to find Ay

: if k=0, or AAg > ¢ and ky, < max{k;, ko} then

4
5: solve (19) to obtain (A1, A2)
6: Kiin < k

7 if k — ki > [5-] then

8 measure yi

9

: /451 «— k
10:  if k—ko > |5 then
11: measure Yo
12: ko — k
13: run EKF prediction
14: if any measurement taken then
15: run EKF update by applying (4) for step k

where 7/ = Trace(V’) with V’/ being the solution of (16).
Since the EKF conditions may sometimes be overly con-
servative, we also propose an empirical alternative in which
we recompute the arrival rates by solving (19), whenever
the linearized dynamics deviate by more than a threshold §
compared to the steps when the rates were previously com-
puted. The deviation is measured through the 2-norm of the
difference between the state transition matrix of the current
linearized dynamics and that of the linearized dynamics at
the time of the last recomputation: AAy = ||Ax — Ag,, ||-
The extra condition kyj;, < max{kj,k2} ensures that at least
one measurement was taken after the last recomputation.
After each pair of rates is chosen, measurements via the two
channels are read with periods L/\%j between recomputations.

IV. SIMULATION RESULTS

All the simulations use either a KF or EKF to estimate
the states. The models used are discrete-time with sampling
period Ts = 0.05s, and have the form

Tpy1 = fxr) + wi,

C
yk’ = |:C;:| w+vka

with w and v representing Gaussian noises with covariances
le—4TI and le—2I respectively. The simulations are carried
out for a duration of 10min. In every case we check
the appropriate LMI conditions for stable estimates and/or
desired error covariance bounds. The LMIs are solved using
YALMIP [21] with the SeDuMi solver [22].

(20)

A. 2C Estimation and Scheduling for a Linear System

In this scenario we find bounds on the error trace for
Kalman filtering in the linear case, which as noted reduces
to the method in [6]; thus, we provide a numerical validation
of that method, which was not done in the original paper.
Moreover, we apply our new 2C scheduling procedure in



[Jmean tr(P) for last 1000 simulation steps
[Janalytical trace bound 7

Fig. 1: Analytical bound versus actual trace of the error
covariance matrix in simulation.

the linear case. The dynamics model linear one-dimensional
motion. Following the structure in (20), f(x) = Ax with

1005
A=y oog5r ad Cr = [1 0],C> = [0 1]. The

states « consist of the position z and velocity v,.

The arrival rates vary on a grid (A,X2) € L :=
{0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9, 1}2. Figure 1 com-
pares the analytical upper bounds 7’ on the trace with the
traces obtained in simulation, for all values of \; on the grid.
The analytical values indeed serve as useful upper bounds for
the actual traces: they are always larger, but close in value.

30 r
20 +

10 ¢

0 100 200 300 400 500 600
t(s)

0 100 200 300 400 500 600
t(s)
Fig. 2: Real versus KF-estimated trajectories for linear model

with sensor scheduling. The black dashed lines represent the
states and the teal lines are the estimates.

Next, to solve 2C scheduling, we use (19) to select a

pair (A1, A2) from the grid. This pair turns out to be A\; =
0.1, A2 = 0. Note that because the system is observable from
the first channel (position), the method chooses to not use
the second channel at all. KF results using scheduling with
this pair are shown in Figure 2. The analytical trace bound
is 113e—4, whereas the trace in simulation is 101le—4.

B. 2C Scheduling for Nonlinear Dynamics

In the nonlinear case, the dynamics used comprise a five
degree-of-freedom (5-DOF) constant acceleration kinematic
model. The degree of freedom removed from the standard 6-
DOF model is the pitch angle. This was done partly to control
computational complexity and partly because the real UUV
for which we will later use these dynamics lacks this degree
of freedom. Keeping the structure of (20), the state vector is
T = (2,9, 2, 0,1, Uy, Uy, Vs, Vg, Vo, Ay Gy, @)L, and

flx) =
(v, cosp — vy Sin 1y cos ¢ + v, siny sin o
Vg COS 1P — vy SiN 1) cos ¢ + v, sin 1) sin ¢
vy sin ¢ 4 v, cos ¢
Vg
Uy COS ¢
ag
Ay
a.

x4+ T , 2D

L O5x1
Cy = [07x3 l7x7], Ca = [l3xs Osxr].

The sector nonlinearity approach is applied to the deriva-
tive of f with respect to the state, thereby obtaining the
matrices A; needed to define the convex hull in which A
lives and to construct the LMI conditions.

The 2C scheduling problem (18) is solved with (A1, A2) €
L :={0.001,0.01,0.1,0.5,0.625}2. The chosen pair is \; =
0.1, A2 = 0.1. For this pair, the trajectories of the linear and
angular positions and of their respective estimates are shown
in Figure 3. The analytical trace bound is 0.3874, whereas
the trace in simulation is 0.0936, showing that the conditions
are conservative.

This motivates us to perform another simulation, this time
using Algorithm 1 to compute the feedback periods for
the two channels. The threshold for the deviation of the
dynamics of the system is 4 = 0.1, chosen experimentally.
The state trajectories are very similar to Figure 3, so they
are not shown here. Instead, Figure 4 shows the feedback
periods chosen along the simulation for both channels, along
with the feedback period which corresponds to the single
pair A\; = 0.1, A2 = 0.1 chosen using (18). It is apparent
that Algorithm 1 produces less conservative periods, albeit
without analytical guarantees. The trace for this simulation
is 0.1316.
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Fig. 3: Linear and angular positions and their estimates for
non-linear model with sensor scheduling. The black dashed
lines represent the states and the teal lines are the estimates.
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Fig. 4: Feedback periods for 2C scheduling with the non-
linear model.

V. EXPERIMENTAL RESULTS FOR AN UNDERWATER
RoBOT

Finally, we apply 2C scheduling with real data collected
for UUV pose estimation in the SeaClear project [7], see
Figure 5. The two channels correspond to the internal and
the off-board sensors. Similarly to the non-linear problem of
Section IV-B, the UUV measures its angular position and
velocity using an inertial measurement unit, and its linear
velocity using a Doppler velocity logger. Differently from

the simulated problem, the UUV also has direct access to
the measurement of its depth z using a pressure sensor. As a
result, the second channel only communicates the position of
the UUV in the XY-plane, determined from camera images
of a UAV, while the z coordinate is communicated on the
first channel.

Right: Example camera image of the UAV from the collected
data set, used to determine the position of the UUV (the
image has been cropped for better visibility).

The internal sensors provide feedback at each timestep
(A = 1) and only the loop closure period for the data
sent by the UAV varies. The rate Ay is selected from
the same set of discrete values as in Section IV-B, Ay €
{0.001,0.01,0.1,0.5,0.625}. The linearized model used is
identical to that from the simulations. The EKF is imple-
mented using the robot_localization library [23].

In this experiment, it turns out that irrespective of whether
(18) or the iterative Algorithm 1 is applied, the resulting
value of A, is always the same: 0.01. Thus, in this case the
EKF solution is less conservative than in the simulations,
possibly because along this trajectory the angles only rotate
the dynamics, without significantly affecting the stability
properties of the system.

y-northing (m)

—25.0

—27.5

—30.0 1

—32.5

x-easting (m)

—35.0 1 —— Underwater fused estimate

—37.5 1 —— SBL measurement

300 400 500 600

0
time (s) +1.686224x10°

Fig. 6: Estimation results using channel scheduling for the
real UUV. The horizontal axis displays Unix epoch time.

Figure 6 compares the positions in the plane estimated



using the EKF with channel scheduling, versus positions read
from a short baseline (SBL) acoustic positioning system.
The SBL measurement is used as a proxy for the ground
truth position of the UUV. It can be seen that the estimated
position is close to the one measured by the SBL, with a
root mean squared error of 1.3915 m between the two.

VI. CONCLUSIONS

This paper characterized the estimation error for an EKF
that reads sensors over two channels that drop measurements
stochastically, and proposed a solution to deterministically
choose when to read the channels when they are under the
control of the estimator. The approaches were validated both
in simulations and on real data. To generalize the approach in
future work, several interesting directions emerge: allowing
for an arbitrary number of channels instead of just two,
deriving similar results for the unscented Kalman filter, or
taking into account specific scheduling protocols.
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