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Abstract—This paper presents an optimal control scheme
for a class of nonlinear systems subject to input saturation
and external disturbances, achieved through the integration of
reinforcement learning (RL) and a self-regulated prescribed
performance control (SRPPC) algorithm. The proposed archi-
tecture employs an Identifier-Critic-Actor RL structure, im-
plemented via interval type-2 fuzzy logic systems (IT2FLSs),
to accurately approximate unknown nonlinear dynamics while
optimizing control performance. To circumvent the singularity
issues inherent in conventional PPC, the SRPPC strategy is
developed to dynamically initialize the prescribed performance
bounds (PPBs) and autonomously relax them during severe
disturbances or actuator saturation, thereby maintaining the
tracking error within a feasible envelope. By synergizing RL-
based optimization with the SRPPC safety mechanism, the
resulting RL-SRPPC controller not only minimizes operational
costs but also guarantees transient safety and strict adherence to
performance specifications. Numerical simulations on a one-link
manipulator demonstrate the robustness and superiority of the
proposed scheme compared to existing methodologies.

Index Terms—Optimal control, reinforcement learning (RL),
self-regulated prescribed performance control (SRPPC), input-
saturation systems, external disturbances.
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Zsófia Lendek is with the Department of Automation, Techni-
cal University of Cluj-Napoca, 400114 Cluj-Napoca, Romania (e-mail:
zsofia.lendek@aut.utcluj.ro).

Radu-Emil Precup is with the Department of Automation and Applied
Informatics, Politehnica University of Timisoara, 300223 Timisoara, Romania
(e-mail: radu.precup@aut.upt.ro).

Imre J. Rudas is with Antal Bejczy Center for Intelligent Robotics, Óbuda
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IN advanced fields such as industrial automation [1],
aerospace [2], precision manufacturing [3], and robotics

[4], high-precision position control of nonlinear systems is
fundamental to ensuring overall performance and operational
safety. Such systems typically exhibit complex nonlinear dy-
namics, posing ongoing challenges for the design of high-
precision controllers. Since its inception, prescribed perfor-
mance control (PPC) has offered a promising technical avenue
to address the aforementioned challenges, garnering substan-
tial research interest [5], [6], [7]. The core concept involves de-
signing a monotonically decreasing time-varying performance
function (typically of exponential decay type) to predefine
transient and steady-state performance boundaries—such as
overshoot, convergence rate, and steady-state error band—for
the system response [8]. The control objective is then trans-
formed into ensuring that the tracking error remains confined
within a “funnel” boundary constructed by this performance
function [9]. However, while pursuing strict performance
constraints, classical PPC exhibits two limitations [8], [9],
[10]: 1) The initial boundaries cannot adapt to different error
conditions, namely that once the performance parameters are
set, the initial performance boundaries lack adaptability to dif-
ferent initial error conditions during system startup, which can
prevent the controller from functioning properly; 2) Symmetric
performance boundaries lack sufficient capability to handle
transient performance, meaning that efforts to increase the
error convergence speed may also induce significant overshoot
or even system oscillation.

To address these issues, extensive research has been con-
ducted. In [11], an approach mapping the initial performance
boundary to infinity was introduced to accommodate arbi-
trary initial errors. However, this infinite initial boundary
sacrifices part of the transient performance and may cause
input oscillation. In [12], [13], [14], Zhao et al. developed a
unified PPC framework that improves both convergence speed
and transient overshoot. Nevertheless, this framework does
not account for convergence time, meaning that the system
error might take an infinitely long duration to converge to
the prescribed boundary—an impractical outcome. To remedy
this, the work [15] proposed a fixed-time asymmetric PPC
technique that directly prescribes the convergence time while
eliminating initial feasibility conditions. Addressing high-
order nonlinear systems with state constraints, Yao et al.
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introduced a novel prescribed-time control methodology that
guarantees prescribed-time stability [16].

However, in practical applications such as robotic ma-
nipulators, unmanned vehicles, and industrial servo systems,
two types of constraints are inevitable: external bounded
disturbances arising from measurement noise, model uncer-
tainties, and environmental interactions [17], and input satura-
tion resulting from physical actuator limits (e.g., maximum
torque, voltage, or current) [18]. Disturbances can signifi-
cantly degrade tracking accuracy and system stability, while
input saturation leads to a mismatch between the controller’s
commanded signal and the actual actuator output, potentially
causing performance deterioration, oscillations, or even insta-
bility. In conventional PPC [8], [9], [10], [11], [12], [13],
[14], [15], [16], [19], the performance boundaries are usually
fixed or monotonically decaying throughout the control pro-
cess, lacking the “flexibility” to handle temporary violations
caused by severe saturation or strong disturbances. This may
lead to singularities in the error transformation function and
subsequent controller failure, thereby limiting the applicability
and robustness of the system under extreme conditions. To
address this, a series of flexible PPC methods is designed
with adaptive performance boundaries. In [20], an integral-
based auxiliary term was incorporated to link performance
boundaries with input saturation, enabling automatic boundary
relaxation during saturation at the cost of slowed relaxation
dynamics. In [21], Bu et al. transformed rigid PPC constraints
into flexible ones by relating system states to performance
boundaries, improving robustness without considering the in-
fluence of different initial errors. While a sliding adaptive-
boundary PPC scheme was introduced in [22], the work does
not distinguish that the singularity originates from boundary
violation, not saturation itself, causing ill-conditioned control
terms. However, the design of prescribed performance func-
tions in existing studies [20], [21], [22], [23], [24] often relies
on empirical or simplified assumptions, consequently limiting
their flexibility and generality, which is a key challenge and
important direction for future research.

On the other hand, for optimal control of nonlinear systems,
achieving desired performance with minimal control cost
while ensuring operational safety is of significant theoretical
value and practical relevance. Methods based on solving the
Hamilton-Jacobi-Bellman (HJB) equation provide a theoretical
framework for this problem [25]. However, due to the strong
nonlinearity and partial differential nature of the HJB equation,
its analytical solution is generally difficult to obtain directly
[26]. Consequently, reinforcement learning (RL)-based control
approaches have been introduced to approximate the optimal
solution through continuous training [27], thereby circumvent-
ing the direct solution of the HJB equation. Building on this
foundation, RL-based optimal control approaches have been
extended and deepened in multiple directions [28], [29], [30].
For instance, the work [31] proposed a critic-actor framework-
based RL algorithm enabling simultaneous online training
of control policies and performance indices. For multi-agent
systems with unknown dynamics, the work [32] developed
a control scheme combining backstepping design and opti-
mization. In recent years, researchers have further applied

RL to more complex systems: in [33], an identifier-critic-
actor structured control framework is presented for stochastic
nonlinear systems, using an adaptive identifier to approximate
unknown dynamics online. Inspired by this, predefined-time
RL control methods have subsequently been proposed for
nonlinear systems [19], [34] and flexible-joint robots [35].
Moreover, progress has been made in integrating RL with
PPC, with corresponding schemes designed for Markov jump
systems [36], stochastic nonlinear systems [37], and nonlinear
systems [38], [39], [40], [41], [42]. Nevertheless, for nonlinear
saturated systems simultaneously subject to external distur-
bances and prescribed performance constraints, RL-based PPC
remains challenging, and related research is still relatively
scarce, warranting further in-depth exploration.

Inspired by the aforementioned research, this paper focuses
on designing a reinforcement learning control scheme with
self-regulated prescribed performance for the optimal control
of nonlinear saturated systems subject to external disturbances.
The main contributions of this work are summarized as
follows:

• This paper proposes a novel self-regulated prescribed
performance control (SRPPC) algorithm. This algorithm
not only adaptively adjusts the performance boundaries
according to the initial system error but also dynam-
ically reconstructs these boundaries when the tracking
error is about to violate the prescribed constraints due
to strong disturbances and input saturation, thereby ef-
fectively preventing potential singularities during the
control process. Compared to existing monotonic PPC
methods [8], [9], [10], [11], [12], [13], [14], [15], [19],
[38], [41] and flexible PPC methods [17], [20], [21],
[22], [23], [24], the proposed SRPPC strategy eliminates
the need for repeated trial-and-error parameter tuning
and does not sacrifice the initial transient performance
to accommodate different initial conditions. Moreover,
unlike existing PPC approaches [17], [20], [21], [22],
[23], [24], [40], [42], [43], the proposed control strategy
establishes a selective dynamic adjustment mechanism of
the performance boundaries based on the error-boundary
relationship, which can avoid unnecessary relaxation and
control performance loss.

• A novel reinforcement learning-based SRPPC (RL-
SRPPC) optimal control algorithm is developed for sys-
tems subjected to external disturbances and input satura-
tion constraints. By embedding the SRPPC-based trans-
formed error directly into the performance index, the
proposed scheme ensures prescribed tracking accuracy
while concomitantly minimizing the control cost, thereby
enhancing its universality and practical applicability. In
contrast to existing RL-based PPC optimal control algo-
rithms [19], [38], [39], [40], [41], [42]—which typically
overlook the synergistic impact of intense disturbances
and actuator saturation on the prescribed performance
boundaries (PPBs)—the proposed RL-SRPPC optimal
control algorithm ensures safer system operation and
superior transient/steady-state performance metrics with
lower control costs.
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Notation: Throughout this paper, R, R+, and Rn denote the
sets of real numbers, positive real numbers, and n-dimensional
real vectors, respectively, while Rm×n represents the space of
m × n real matrices. For a given matrix or vector A, AT

and A−1 (if it exists) designate its transpose and inverse,
respectively. The absolute value of a scalar a ∈ R is denoted
by |a|, and sgn(·) refers to the standard signum function,
defined as: sgn(a) = 1 if a > 0, sgn(a) = −1 if a < 0,
and sgn(a) = 0 if a = 0.

II. PRELIMINARIES

A. Problem Statement

Consider the following input-saturation system with external
disturbances:

ẋi = xi+1 + fi(xi) + di(t), i = 1, ..., n− 1

ẋn = sat(u) + fn(xn) + dn(t),

y = x1,

(1)

where xi = [x1, . . . , xi]
T ∈ Ri is the system state vector with

xn = [x1, ..., xn]
T ∈ Rn, y ∈ R represents the system output,

and fi(xi) ∈ R is the unknown and continuous nonlinear
function. sat(u) ∈ R is the saturation input, which should
be described as

sat(u) =

{
u, |u| ≤ ud,

ud sgn(u), |u| > ud,
(2)

where ud stands for the saturation threshold.
To mitigate the discontinuous transitions inherent in sat(u),

the following approximation is employed:

sat(u) = d(u) + g(u), (3)

where d(u) = ud tanh(u/ud) constitutes a smooth, differen-
tiable component, and g(u) = sat(u) − d(u) represents the
associated residual. The magnitude of this residual is bounded
such that |g(u)| ≤ ud(1− tanh(1)) = ḡ, where ḡ is a known
positive constant.

Control Objective: Design the RL-SRPPC algorithm for the
optimal control of the input-saturated system (1) with external
disturbances so that: 1) all signals in the closed-loop system
are semi-globally bounded and 2) the output state y follows
the reference signal yd with the prescribed control accuracy,
where yd is a smooth and bounded function.

Assumption 1 ([41]): The time-varying disturbance di(t)
possesses boundedness, specifically satisfying |di(t)| < d̄,
with d̄ > 0 being a constant.

B. Interval Type-2 Fuzzy Logic System (IT2FLS)

Lemma 1 ([3]): The IT2FLS possesses superior uncertainty
modeling capabilities, increased disturbance resistance, and
a reduced number of membership functions in comparison
to the type-1 FLS. Consequently, IT2FLS is employed to
approximate the unknown nonlinear functions F(X), which
can be defined as follows:

F(X) = W ∗TS(X) + ε(X), (|ε(X)| ≤ ε̄, ε̄ ∈ R+) (4)

where W ∗ is the ideal weight matrix, ε(X) is the approxima-
tion error, X = [χ1, ..., χn] is the input variable, and S(x) =
[ 12S

T
U ,

1
2S

T
L ]

T is the fuzzy basis vector. SU = [s1, ..., sm]T and
SL = [s1, ..., sm]T , respectively, are the upper fuzzy basis
function and the lower fuzzy basis function, which can be
formulated as

si =
℘i∑m
i=1 ℘i

,

si =
℘

i∑m
i=1 ℘

i

,
(5)

where ℘i and ℘
i

are the interval type-2 fuzzy rule firing
strengths, which can be calculated by the following multipli-
cation method:

℘i =
∏n

j=1 µij ,

℘
i
=
∏n

j=1 µij
, j = 1, ..., n.

(6)

The Gaussian function is utilized as the membership func-
tion (MF), wherein µij and µ

ij
can be described as

µij = exp
(
− (χj−cij)

2

2σ̄2
ij

)
,

µ
ij
= exp

(
− (χj−cij)

2

2σ2
ij

)
,

(7)

where cij is the center, σ̄ij and σij are the upper and lower
widths, respectively.

III. MAIN RESULTS

A. Self-Regulated Prescribed Performance

To constrain the convergence performance of the system, an
appointed-time prescribed performance function (PPF) can be
defined as

κ (t) =

{
(ϖ0 −ϖf ) cos

aκ

(
πt
2Tf

)
+ϖf , t ∈ [0, Tf )

ϖf , t ∈ [Tf ,+∞)
(8)

where Tf > 0 stands for the appointed convergence time, and
aκ, ϖ0, ϖf > 0 are the design parameters with ϖ0 > ϖf .
The PPF will be maintained at a fixed value ϖf when the
system reaches the appointed time Tf .

To deal with the fragility problem of the classical PPC,
the classical monotonous prescribed performance boundaries
(PPBs) are transferred into the self-regulated PPBs, which are
defined as

K(t) < e(t) < K(t) (9)

with
K(t) = κ(t) + ϑϱ(t),

K(t) = κ(t)− ϑϱ(t),
(10)

where e(t) = y − yd stands for the tracking error.
To remove the initial feasibility condition, the sliding PPBs

can be designed as

κ(t) = 1
2κ (t) [1 + ♭+ ℵ (e0) (1− ♭)] + e0I (t) ,

κ(t) = −1
2κ (t) [1 + ♭− ℵ (e0) (1− ♭)] + e0I (t) ,

(11)

with

I (t) =

{
cosas

(
πt
2Tf

)
, t ∈ [0, Tf )

0, t ∈ [Tf ,∞)
(12)

where e0 stands for the initial error value of the control system,
ℵ(·) = 1 if · ≥ 0, ℵ(·) = −1 if · < 0, 0 < ♭ ≤ 1 and as ≥ 1
are the designed parameters.
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Design an auxiliary variable as

ℏ(t) = e(t)− e0I(t) (13)

Based on (9) and (13), one can obtain

K(t) < ℏ(t) < K(t) (14)

where K(t) = 1
2κ (t) [1 + ♭+ ℵ (e0) (1− ♭)] + ϑϱ(t) and

K(t) = −1
2κ (t) [1 + ♭− ℵ (e0) (1− ♭)]− ϑϱ(t).

To realize the dynamic relaxation of the PPBs, the flexible
terms ϑϱ(t), ϑϱ(t) are designed as

ϑ =

{
1, if 0 < au

κ(t)
ℏ(t) ≤ 1,

0, otherwise,

ϑ =

{
1, if 0 < al

κ(t)
ℏ(t) ≤ 1,

0, otherwise,

(15)

ϱ (t) =


(

Tf−Λu(t)t
Tf

)
(ϖ0−ϖf )∆Λu((t)

1+(Λu(t)t)
2 , t < Tf ,

(1− Λu (t))
(ϖ0−ϖf )∆Λu(t)

1+(Λu(t)Tf )
2 , t ≥ Tf ,

ϱ (t) =


(

Tf−Λl(t)t
Tf

)
(ϖ0−ϖf )∆Λl(t)

1+(Λl(t)t)
2 , t < Tf ,

(1− Λl (t))
(ϖ0−ϖf )∆Λl(t)

1+(Λl(t)Tf )
2 , t ≥ Tf ,

(16)

with

Λu (t) = au
κ (t)

|ℏ (t)|
,Λl (t) = al

κ (t)

|ℏ (t) |
,

∆Λu (t) = tanh

(
bu

Λu (t)
− bu

)
tanh

(
au

Λu(t)
− au

cu (1− au)

)
,

∆Λl (t) = tanh

(
bl

Λl (t)
− bl

)
tanh

(
al

Λl(t)
− al

cl (1− al)

)
,

where au, al, bu, bl, cu, cl > 0 are design parameters. These
design parameters work in concert to regulate the relaxed
PPBs.

Remark 1: As indicated by (10), the designed SRPPC is
composed of two distinct components: the sliding terms κ,κ
and the flexible terms ϑϱ(t), ϑϱ(t). The primary role of the
sliding terms is to decouple the system’s performance from the
initial error condition, a limitation inherent in conventional
monotonous PPC approaches. The flexible terms are intro-
duced to mediate between the demands of input safety and
tracking performance. Specifically, from (15) and (16), ϑ and
ϑ govern the activation logic of the relaxation, while ϱ and ϱ
control the expansion magnitude. These terms are modulated
by proximity indices Λu(t) and Λl(t), which quantify how
closely the error approaches the boundaries. This mechanism
ensures the boundary adaptively reconfigures when output
constraints conflict with prescribed performance specifications,
preventing control singularities under input saturation. The
conceptual diagram of the proposed SRPPC is illustrated in
subfigures (a) and (b) of Fig. 1.

Remark 2: A common drawback of mainstream PPC meth-
ods—both monotonic [8], [9], [10], [11], [15], [19], [38], [41],
[42] and flexible [20], [21], [23], [24]—is the static nature
of their initial PPBs. Once parameters are chosen, the initial

Fig. 1. (a) and (b) represent the conceptual graph of the designed SRPPC;
(c) exhibits the existing flexible PPC based on the input saturation.

boundaries are fixed. Consequently, the controller cannot ac-
commodate different initial errors e(0) unless its parameters
are manually resynthesized. Additionally, the infinity initial
boundary method [12], [13], [14], [43] is developed to remove
the limitation of initial conditions, while sacrificing transient
response. Obviously, this often leads to a trade-off: a large e(0)
requires a loose initial bound, which deteriorates early tran-
sient response. However, the SRPPC technique (10) proposed
herein fundamentally addresses this rigidity. According to
(10)–(14), the proposed boundary is constructed by integrating
the initial tracking error e(0), the shifting function (12), and
the auxiliary variable (13). This formulation (11) decouples
the control design from a specific e(0), enabling application to
arbitrary bounded initial conditions without sacrificing initial
performance. Intuitively, the designed SRPPB possesses the
ability to self-adjust, always containing the initial error within
a prescribed range and sliding adaptively as e(0) changes, as
shown in subfigure (b) of Fig. 1.

Remark 3: According to (15) and (16), the flexible compo-
nents ϑϱ(t) and ϑϱ(t) remain zero, provided that the tracking
error stays within the user-specified PPBs. When the input
saturation or severe disturbances cause the system error to
surpass the preset performance boundaries, the SRPPC method
is triggered to autonomously relax the PPBs to avoid the
singularity. Compared with the existing flexible PPC schemes
[17], [20], [21], [22], [23], [24], [40], [43], the proposed
SRPPC scheme dynamically regulates the PPBs according to
the instantaneous distance between the system error and its
allowable limits, as shown in subfigures (a) and (c) of Fig. 1.
This adjustment mechanism, established directly on the error-
boundary relationship, resolves the time-delay problem inher-
ent in integral-based methods and prevents unnecessary PPB
relaxation when saturation occurs without an actual boundary
violation. Moreover, another core mechanism of the SRPPC
method is the selective relaxation of only the specific PPB
that is exceeded, as opposed to simultaneously relaxing both
the upper and lower bounds. This selective dynamic regulation
mechanism of the PPBs provides more precise control, which
can obtain better system performance.
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B. Optimized Backstepping Control Design

Given the prescribed performance bounds K(t) < e(t) <
K(t), ∀t ≥ 0, a transformation function T (t) is defined as

T (t) = ln

(
℧ (t)

1− ℧ (t)

)
, (17)

where ℧ (t) = ℏ(t)−K(t)

K(t)−K(t)
.

Calculate the derivative of T (t) as

Ṫ (t) = ð(ė+ ℘), (18)

with

ð =
K(t)− K(t)

(ℏ(t)− K(t))
(
K(t)− ℏ(t)

) ,
℘ = −e0İ +

K̇(t)(ℏ(t)− K)− K̇(t)(ℏ(t)− K(t))

K(t)− K(t)
.

Step 1: From (18) and the tracking error e = x1−yd, define
z1 = T . Then, differentiating z1 yields

ż1 = ð(x2 + f1 + d1 − ẏd + ℘). (19)

Consider α1 as the virtual control law and α∗
1 as its optimal

counterpart, and one can design the corresponding optimal
value function as

J∗
1 (z1) = min

α1∈Ω

(∫∞
t

h1(z1(s), α1(z1))ds
)

=
∫∞
t

h1(z1(s), α
∗
1(z1))ds,

(20)

where Ω stands for a compact set containing origin, and
h1(z1, α1) = z21 + α2

1 is the cost function.
Treating x2 as the optimal virtual control α∗

1 and differen-
tiating (20) to obtain the HJB equation, one has

H1

(
z1, α

∗
1,

dJ∗
1

dz1

)
= z21 + α∗2

1 +
dJ∗

1 (z1)
dz1

× (ð(α∗
1 + f1 + d1 − ẏd + ℘))

= 0.

(21)

By solving ∂H1/∂α
∗
1 = 0, the optimal control α∗

1 can be
obtained as

α∗
1 = −1

2
ð
dJ∗

1 (z1)

dz1
. (22)

For achieving control objective, the term dJ∗
1 (z1)/dz1 is

decomposed as

dJ∗
1 (z1)

dz1
=

2c1
ð2

z1 − 2ðẏd +
2

ð2
F1(X1) +

1

ð2
Jo
1 (X1), (23)

where c1 > 0 is a design parameter and Jo
1 (X1) = −2c1z1 −

2F1(X1)+ð2dJ∗
1 (z1)/dz1, and F1(X1) = ð(ð2 z1+f1+d1+

℘) + 1
4z1 are continuous functions with X1 = [x1, z1]

T .
Substituting (23) into (22) yields

α∗
1 = − c1

ð z1 − 1
ðF1(X1)− 1

2ðJ
o
1 (X1) + ẏd. (24)

Utilizing IT2FLSs to approximate the unknown functions
F1(X1) and Jo

1 (X1) over the compact domain Ω yields

F1(X1) = W ∗T
F1SF1(X1) + εF1(X1), (25)

Jo
1 (X1) = W ∗T

J1 SJ1(X1) + εJ1(X1), (26)

From (23)-(26), one can obtain
dJ∗

1 (z1)
dz1

= 2c1
ð2 z1 +

2
ð2W

∗T
F1SF1(X1)− 2ðẏd

+ 1
ð2W

∗T
J1 SJ1(X1) + ε1,

(27)

α∗
1 = − c1

ð z1 − 1
ðW

∗T
F1SF1(X1) + ẏd

− 1
2ðW

∗T
J1 SJ1(X1)− 1

2ε1,
(28)

where ε1 = 2εF1 + εJ1.
For unknown terms W ∗

F1 and W ∗
J1, the designed controller

is not directly applied. Hence, according to (25), (27), and
(28), the RL strategy with the identifier-critic-actor IT2FLSs
can be applied to obtain the valid optimized virtual control.
Therefore, define the identifier IT2FLS as

F̂1(X1) = ŴT
F1SF1(X1), (29)

where F̂1(X1), ŴF1, and SF1(X1), respectively, sthand for
the identifier output, weight vector and fuzzy basis vector. And
design the adaptive law of the weight ŴF1 as

˙̂
WF1 = Γ1

(
SF1(X1)z1 − σ1ŴF1

)
, (30)

where σ1 > 0 and Γ1, respectively, are the designed constant
and positive-definite matrix.

To evaluate the control performance, design the critic
IT2FLS as

dĴ∗
1 (z1)
dz1

= 2c1
ð2 z1 +

2
ð2 Ŵ

T
F1SF1(X1)

+ 1
ð2 Ŵ

T
c1SJ1(X1)− 2ðẏd,

(31)

where dĴ∗
1 (z1)
dz1

is the approximated value of dJ∗
1 (z1)
dz1

, and Ŵc1

is the critic weight, which can be formulated as

˙̂
Wc1 = −γc1SJ1(X1)S

T
J1(X1)Ŵc1, (32)

where γc1 > 0 is the designed parameter.
To execute the control action, develop the actor IT2FLS as

α̂∗
1 = − c1

ð z1 − 1
ðŴ

T
F1SF1 − 1

2ðŴ
T
a1SJ1 + ẏd, (33)

where α∗
1 denotes the approximated value of the optimal

virtual control law (28), and Ŵa1 stands for the actor weight,
which can be designed as

˙̂
Wa1 = −SJ1(X1)S

T
J1(X1)

×
(
γa1

(
Ŵa1 − Ŵc1

)
+ γc1Ŵc1

)
,

(34)

where γa1 > 0 is the designed parameters.
Step i (i = 2, . . . , n− 1): In accordance with the backstep-

ping design framework, depicting the subsystem error variable
as zi = xi − α̂∗

i−1 yields

żi = xi+1 + fi + di − ˙̂α∗
i−1. (35)

Consider αi as the virtual control and α∗
i as its optimal

counterpart, respectively. Then, similar to (20) and describing
hi(zi, αi) = z2i + α2

i as the cost function, one has

J∗
i (zi) = min

αi∈Ω

(∫∞
t

hi(zi, αi)ds
)

=
∫∞
t

hi(zi, α
∗
i )ds.

(36)
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Letting xi+1 ≜ α∗
i , one can obtain the HJB equation for

(35) as

Hi

(
zi, α

∗
i ,

dJ∗
i

dzi

)
= z2i + α∗2

i +
dJ∗

i (zi)

dzi

×
(
fi + di + α∗

i − ˙̂α∗
i−1

)
= 0.

(37)

Calculating ∂Hi/(∂α
∗
i ) = 0, one can acquire the optimal

virtual control α∗
i as

α∗
i = −1

2

dJ∗
i (zi)

dzi
. (38)

Decompose the gradient term dJ∗
i (zi)/dzi as

dJ∗
i (zi)

dzi
= 2cizi + 2Fi(Xi) + Jo

i (Xi), (39)

where ci > 0 is the designed parameter, Fi(Xi) = fi + di −
˙̂α∗
i−1 +

5
4zi and Jo

i (Xi) = −2cizi − 2Fi(Xi) + dJ∗
i (zi)/dzi

are unknown continuous functions with Xi = [xi, zi]
T .

Substituting (39) into (38), one has

α∗
i = −cizi −Fi(Xi)−

1

2
Jo
i (Xi). (40)

Using IT2FLSs to estimate the unknown terms Fi(Xi) and
Jo
i (Xi) yields

Fi(Xi) = W ∗T
Fi SFi(Xi) + εFi(Xi), (41)

Jo
i (Xi) = W ∗T

Ji SJi(Xi) + εJi(Xi). (42)

According to (39)-(42), one has
dJ∗

i (zi)
dzi

= 2cizi + 2W ∗T
Fi SFi(Xi)

+W ∗T
Ji SJi(Xi) + εi,

(43)

α∗
i = −cizi −W ∗T

Fi SFi(Xi)

− 1
2W

∗T
Ji SJi(Xi)− 1

2εi,
(44)

where εi = 2εFi + εJi.
Given that the unattainable optimal virtual control law (44),

implement RL via the identifier–critic–actor architecture to
obtain the optimized control as

F̂i(Xi) = ŴT
FiSFi(Xi), (45)

dĴ∗
i (zi)
dzi

= 2cizi + 2ŴT
FiSFi(Xi) + ŴT

ciSJi(Xi), (46)

α̂∗
i = −cizi − ŴT

FiSFi(Xi)− 1
2Ŵ

T
aiSJi(Xi), (47)

where F̂i(Xi),
dĴ∗

i (zi)
dzi

, and α̂∗
i stand for the approximated

value of Fi(Xi),
dJ∗

i (zi)
dzi

, and α∗
i , respectively. ŴFi, Ŵci,

and Ŵai stand for the available weights of the RL with the
identifier-critic-actor structure.

Following the derivation of (30), (32) and (34), one can
obtain

˙̂
WFi = Γi

(
SFi(Xi)zi − σiŴFi

)
, (48)

˙̂
Wci = −γciSJi(Xi)S

T
Ji(Xi)Ŵci, (49)

˙̂
Wai = −SJi(Xi)S

T
Ji(Xi)

×
(
γai

(
Ŵai − Ŵci

)
+ γciŴci

)
,

(50)

where σi, γci, γai > 0 and Γi are the designed parameters
and the positive-definite matrix, respectively.

Step n: The backstepping control design culminates in
obtaining the actual control law u. Concurrently, to mitigate
the effects of input saturation, an auxiliary dynamic system is
incorporated, which is defined as

Ψ̇ = −Ψ+ (d (u)− u) . (51)

Letting zn = xn − α̂∗
n−1 −Ψ, differentiating zn yields

żn = u+ fn + dn − ˙̂α∗
n−1 +Ψ+ g (u) . (52)

Depicting u∗ as the optimal control input and hn(zn, u) =
z2n+u2 as the cost function, one can obtain the optimal value
function as

J∗
n(zn) = min

u∈Ω

(∫∞
t

hn(zn, u)ds
)

=
∫∞
t

hn(zn, u
∗)ds.

(53)

Then, calculate the HJB equation for (52) as

Hn

(
zn, u

∗,
dJ∗

n

dzn

)
= z2n + u∗2 +

dJ∗
n

dzn

×
(
u+ fn + dn − ˙̂α∗

n−1 +Ψ+ g (u)
)
= 0.

(54)

Similar to previous steps, solving ∂Hn

∂u∗ = 0 yields

u∗ = −1

2

dJ∗
n(zn)

dzn
. (55)

Rewriting the term dJ∗
n(zn)
dzn

as

dJ∗
n(zn)

dzn
= 2cnzn +Ψ+ 2Fn(Xn) + Jo

n(Xn), (56)

where cn > 0 is the designed parameter and Jo
n(Xn) =

−2cnzn − Ψ − 2Fn(Xn) +
dJ∗

n(zn)
dzn

, and Fn(Xn) = fn +

dn − ˙̂α∗
n−1 +

5
4zn are unknown with Xn = [xn, zn]

T .
Substituting (56) into (55) yields

u∗ = −cnzn −Ψ−Fn − 1

2
Jo
n(Xn). (57)

Utilizing IT2FLSs to approximate Fn(Xn) and Jo
n(Xn)

yields
Fn(Xn) = W ∗T

FnSFn(Xn) + εFn(Xn), (58)

Jo
n(Xn) = W ∗T

JnSJn(Xn) + εJn(Xn). (59)

According to (56)-(59), one has
dJ∗

n(zn)
dzn

= 2cnzn +Ψ+ 2W ∗T
FnSFn(Xn)

+W ∗T
JnSJn(Xn) + εn,

(60)

u∗ = −cnzn −Ψ−W ∗T
FnSFn(Xn)

− 1
2W

∗T
JnSJn(Xn)− 1

2εn,
(61)

where εn = 2εFn + εJn.
Owing to the unavailability of the optimal control (61), the

RL is therefore enacted via the construction of identifier, critic,
and actor IT2FLSs, to acquire the optimized control as

F̂n(Xn) = ŴT
FnSFn(Xn), (62)

dĴ∗
n(zn)
dzn

= 2cnzn +Ψ+ 2ŴT
FnSFn(Xn)

+ ŴT
cnSJn(Xn),

(63)
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u = −cnzn −Ψ− ŴT
FnSFn(Xn)

− 1
2Ŵ

T
anSJn(Xn),

(64)

where F̂n(Xn) and dĴ∗
n(zn)
dzn

, respectively, stand for the approx-
imated value of Fn(Xn) and dJ∗

n(zn)
dzn

. ŴFn, Ŵcn, and Ŵan

stand for the available weights of the RL with the identifier-
critic-actor structure.

Analogous to the previous steps, one has

˙̂
WFn = Γn

(
SFn(Xn)zn − σnŴFn

)
, (65)

˙̂
Wcn = −γcnSJn(Xn)S

T
Jn(Xn)Ŵcn, (66)

˙̂
Wan = −SJn(Xn)S

T
Jn(Xn)

×
(
γan

(
Ŵan − Ŵcn

)
+ γcnŴcn

)
,

(67)

where σn, γcn, γan > 0 and Γn are the designed parameters
and positive-definite matrix.

Remark 4: Inspired by [36], [37], [38], [39], [40], [41], the
design details of ˙̂

Wcj and ˙̂
Waj (j = 1, ..., n) are presented as

follows:
Take the deriving details of ˙̂

Wc1 and ˙̂
Wa1, for example.

From (33), the Bellman residual error Φ1 can be defined as

Φ1 = H1

(
z1, α̂

∗
1,

dĴ∗
1 (z1)
dz1

)
−H1

(
z1, α

∗
1,

dJ∗
1

dz1

)
= H1

(
z1, α̂

∗
1,

dĴ∗
1 (z1)
dz1

)
.

(68)

Based on the previous analysis, α̂∗
1 is designed to achieve

Φ1 = H1(z1, α̂
∗
1, dĴ

∗
1 (z1)/dz1) → 0. Assuming the condi-

tion H1(z1, α̂
∗
1, dĴ

∗
1 (z1)/dz1) = 0 is satisfied with solution

uniqueness, which implies the following equivalence:

∂H1

(
z1,α̂

∗
1 ,

dĴ∗
1 (z1)

dz1

)
∂Ŵa1

= 1
2ð2SJ1(X1)S

T
J1(X1)

×
(
Ŵa1 − Ŵc1

)
= 0.

(69)

In accordance with ensuring (69) through the formulation
of RL adaptive laws, define the positive function as

P1 =
(
Ŵa1 − Ŵc1

)T (
Ŵa1 − Ŵc1

)
. (70)

It is evident that the condition P1 = 0 corresponds to (69).
Consequently, the adaptive laws (32) and (34) are derived from
the following considerations.

Since ∂P1/∂Ŵa1 = −∂P1/∂Ŵc1 = 2(Ŵa1 − Ŵc1),
differentiating P1 along (32) and (34) has

dP1

dt = ∂P1

∂ŴT
c1

˙̂
Wc1 +

∂P1

∂ŴT
a1

˙̂
Wa1

= −γc1
∂P1

∂ŴT
c1

SJ1(X1)S
T
J1(X1)Ŵc1

− ∂P1

∂ŴT
c1

SJ1(X1)S
T
J1(X1)

(
γa1

(
Ŵa1 − Ŵc1

)
+ γc1Ŵc1

)
= −γa1

2
∂P1

∂ŴT
a1

SJ1(X1)S
T
J1(X1)

∂P1

∂Ŵa1
≤ 0.

(71)
The inequality (71) indicates that the adaptive laws (32) and

(34) can enable that P1 = 0 is true, thereby ensuring (69).
Remark 5: The key distinction between the formulated HJB

equation and that of classical identifier-critic-actor RL lies in
the term z1. Unlike the standard assignment z1 = y − yd,
the variable is redefined here via the SRPPC technique (9)

and the transformation function (18), prompting a consequent
adaptation of the first HJB equation (20). This is not merely
a formal change but a substantive one, setting the proposed
controller apart from conventional RL methods and enabling
enhanced performance. Given the severe analytical challenges
posed by the nonlinear partial differential characteristics of
HJB equations, the adopted identifier-critic-actor RL strat-
egy provides a practical alternative, acquiring near-optimal
solutions through sustained training without directly solving
the equation. Furthermore, the incorporation of an identifier
equipped with IT2FLSs allows the actor-critic framework
to explicitly account for unknown dynamics and actuator
constraints. By leveraging the superior uncertainty-modeling
capability of IT2FLSs, the proposed scheme effectively main-
tains the prescribed performance envelopes and achieves a
favorable trade-off between tracking precision and optimal
control expenditure.

Remark 6: The implementation of the identifier-critic-actor
structure involves the online adaptation of three distinct
weight sets. However, the real-time computational burden is
effectively mitigated by the linearly weighted structure of
the IT2FLS, which transforms the learning process into a
series of efficient algebraic operations. Specifically, the fuzzy
basis functions S(·) are computed once per time step and
shared where applicable, while the weight update laws follow
recursive gradients that do not require matrix inversions. For a
system with N fuzzy rules, the per-step complexity is O(N),
which is well within the processing capabilities of modern
embedded controllers. Furthermore, the decentralized archi-
tecture of the proposed scheme allows for subsystem-level
parallel processing, ensuring that the computational demand
does not scale exponentially with the system’s degrees of
freedom, thereby making it highly suitable for high-bandwidth
control tasks like high-speed robots.

C. Stability Analysis

Theorem 1: Consider the input-saturated nonlinear system
(1) subjected to unknown external disturbances under Assump-
tion 1. If the SRPPC-RL control algorithm is executed via
integrating the identifier–critic–actor RL into the backstepping
control framework, including the identifiers (30), (48), (65),
the critics (32), (49), (66), the actors (34), (50) and (67), and
the control laws (33), (47), (64) with the auxiliary dynamic
system (51), then the optimal control can ensure that:

1) all signals in the closed-loop system are semi-globally
bounded;

2) the system output can track the reference trajectory with
the desired accuracy, and the tracking error is always
kept in the designed dynamic boundaries.

Proof:
Choose the Lyapunov candidate function as

V = 1
2

n∑
i=1

(
z2i + W̃T

FiΓ
−1
i W̃Fi + W̃T

ciW̃ci + W̃T
aiW̃ai

)
,

(72)
where W̃Fi = ŴFi − W ∗

Fi, W̃ci = Ŵci − W ∗
Ji and W̃ai =

Ŵai −W ∗
Ji stand for the weight estimation errors.
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Then, differentiating V along with time yields

V̇ = z1(ð(z2 + α̂∗
1 + f1 + d1 − ẏd + ℘))

+
n−1∑
i=2

(
zi(zi+1 + α̂∗

i + fi + di − ˙̂α∗
i−1)

)
+ zn(u+ fn + dn − ˙̂α∗

n−1 +Ψ+ g (u))

+
n∑

i=1

(
W̃T

FiΓ
−1
i

˙̂
WFi + W̃T

ci
˙̂
Wci + W̃T

ai
˙̂
Wai

)
.

(73)

Substituting (33), (47) and (64) into (73) yields

V̇ = −
n∑

i=1

(
ciz

2
i + zi(Ŵ

T
FiSFi(Xi) +

1
2Ŵ

T
aiSJi(Xi))

)
+ z1ð(z2 + f1 + d1 + ℘) +

n∑
i=2

zi(fi + di)

+
n−1∑
i=2

zi(zi+1 − ˙̂α∗
i−1) + zn(g (u)− ˙̂α∗

n−1)

+
n∑

i=1

(
W̃T

FiΓ
−1
i

˙̂
WFi + W̃T

ci
˙̂
Wci + W̃T

ai
˙̂
Wai

)
.

(74)
Utilizing Young’s inequality, one can obtain

ðz1z2 ≤ ð2z2
1

2 +
z2
2

2 ,

zizi+1 ≤ z2
i

2 +
z2
i+1

2 ,

zng(u) ≤ 1
2z

2
n + 1

2 ḡ
2,

− 1
2ziŴ

T
aiSJi(Xi) ≤ 1

4z
2
i + 1

4

(
ŴT

aiSJi

)2
.

(75)

Then, utilizing the definition of Fi(Xi), one has

V̇ ≤ −
n∑

i=1

(
ciz

2
i + ziW̃

T
FiSFi − 1

4

(
ŴT

aiSJi

)2)
+

n∑
i=1

(
W̃T

FiΓ
−1
i

˙̂
WFi + W̃T

ci
˙̂
Wci + W̃T

ai
˙̂
Wai

)
+

n∑
i=1

ziεFi +
1
2 ḡ

2.

(76)

Substituting (30), (32), (34), (48)–(50) and (65)–(67) into
(76) yields

V̇ ≤ −
n∑

i=1

(
ciz

2
i − 1

4

(
ŴT

aiSJi

)2
− ziεFi

)
+ 1

2 ḡ
2

−
n∑

i=1

σiW̃
T
FiŴFi −

n∑
i=1

(
γciW̃

T
ciSJiS

T
JiŴci

)
+

n∑
i=1

(γai − γci) W̃
T
aiSJiS

T
JiŴci

−
n∑

i=1

γaiW̃
T
aiSJiS

T
JiŴai.

(77)

According to the definition of W̃Fi, W̃ci and W̃ai and
Young’s inequality, one can obtain

W̃T
FiŴFi =

1
2W̃

T
FiW̃Fi +

1
2Ŵ

T
FiŴFi − 1

2W
∗T
Fi W

∗
Fi

W̃T
ciSJiS

T
JiŴci =

1
2

(
W̃T

ciSJi

)2
+ 1

2

(
ŴT

ciSJi

)2
− 1

2

(
W ∗T

Ji SJi

)2
W̃T

aiSJiS
T
JiŴai =

1
2

(
W̃T

aiSJi

)2
+ 1

2

(
ŴT

aiSJi

)2
− 1

2

(
W ∗T

Ji SJi

)2
W̃T

aiSJiS
T
JiŴci ≤ 1

2

(
W̃T

aiSJi

)2
+ 1

2

(
ŴT

ciSJi

)2
ziεFi ≤ 1

2z
2
i + 1

2 ε̄
2
Fi

(78)

Let γai > 1
2 , γa1 > γc1 > γa1

2 and substitute (78) into (77),
one has

V̇ ≤ −
n∑

i=1

(
(ci − 1

2 )z
2
i + 1

2σiW̃
T
FiW̃Fi − 1

2 ε̄
2
Fi

)
− 1

2

n∑
i=1

γci

(
W̃T

ciSJi

)2
− 1

2

n∑
i=1

γci

(
W̃T

aiSJi

)2
+ 1

2

n∑
i=1

(γai + γci)
(
W ∗T

Ji SJi

)2
+ 1

2 ḡ
2

+ 1
2

n∑
i=1

σi

(
W ∗T

Fi W
∗
Fi

)
.

(79)

Letting λmax
Γ−1
i

be the maximal eigenvalue of Γ−1
i and λmin

SJi

be the minimal eigenvalue of SJiS
T
Ji, one has

V̇ ≤ −
n∑

i=1

(
(ci − 1

2 )z
2
i + 1

2σiW̃
T
FiW̃Fi − 1

2 ε̄
2
Fi

)
− 1

2

n∑
i=1

γci

(
W̃T

ciSJiS
T
JiW̃ci + W̃T

aiSJiS
T
JiW̃ai

)
+ 1

2

n∑
i=1

(γai + γci)
(
W ∗T

Ji SJi

)2
+ 1

2 ḡ
2

+ 1
2

n∑
i=1

σi

(
W ∗T

Fi W
∗
Fi

)
≤ −

n∑
i=1

(
(ci − 1

2 )z
2
i + 1

2λmax

Γ
−1
i

σiW̃
T
FiW̃Fi

)
− 1

2λ
min
SJi

n∑
i=1

γci

(
W̃T

ciW̃ci + W̃T
aiW̃ai

)
+

n∑
i=1

∆i +
1
2 ḡ

2,

(80)

where ∆i =
1
2 (γci + γai)

(
W ∗T

Ji SJi

)2
+ 1

2σiW
∗T
Fi W

∗
Fi+

1
2 ε̄

2
Fi.

From (80), one can obtain

V̇ ≤ −σV +∆, (81)

where σ = −min {2ci − 1, σi

λmax

Γ
−1
i

, γciλ
min
SJi

} and ∆ =
n∑

i=1

∆i+

1
2 ḡ.

Calculate the integral of (81), one can obtain

V ≤ V (0)e−ct + ∆
c

≤ V (0) + ∆
c .

(82)

Based on the analysis provided above, it is evident that the
tracking error zi, and the weight error signals W̃Fi, W̃ci, W̃ai

are bounded. Then, from (2), (30), (32)–(34), (47)–(50) and
(64)–(67), it can be further inferred that α̂∗

i , ŴFi, Ŵci, Ŵai

and u are bounded. According to the definition of zi, it can
be concluded that zi is bounded. Consequently, the trajectories
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of all closed-loop signals in the control system are maintained
within bounded regions in the semi-global sense.

According to (82), we have |z1| = |T | ≤√
2
(
V (0) + ∆

c

)
= ♢. From the inverse transformation

of (17), we have eT = ℧/(1 − ℧). This leads to
℧ = eT /(1 + eT ). Given T ≤ ♢, it follows that
0 < e−T /(1 + e−T ) ≤ ℧ ≤ eT /(1 + eT ) < 1. Using
the relationship ℧ = ℏ−K

K−K
, we can deduce 0 < ℏ−K

K−K
< 1.

Accordingly, K < ℏ < K, ∀t ≥ 0. Then, from (11), (13) and
(14), it can be concluded that K < e < K. Moreover, based
on the definition of K, K, we know that K and K incorporate
time-setting characteristics. This guarantees the system output
is capable of tracking the reference signal before a predefined
time, while the tracking error remains consistently confined
within dynamic boundaries.

IV. SIMULATION VALIDATION

To validate the efficacy and superiority of the presented
control algorithm, a one-link manipulator driven by an electric
motor is modeled as{

Dθ̈ +Bθ̇ +N sin(θ) = I,

Mİ = −HI −Kmθ̇ + sat (u) ,
(83)

where θ and θ̇ represent the angular position and velocity
of the joint, respectively. I represents the motor current,
and sat (u) denotes the saturated input, which is the system
voltage.

By rewriting the variables as x1 = θ, x2 = θ̇, x3 = I , and
considering the influence of external disturbances, the one-link
manipulator system can be reformulated as follows:

ẋ1 = x2,

ẋ2 = 1
Dx3 − B

Dx2 − N
D sin(x1) + d2(t),

ẋ3 = 1
M sat(u)− H

M x3 − Km

M x2 + d3(t),

(84)

where D = 1, B = 1, M = 0.04, H = 0.5, N = 10,
and Km = 10 with the specific units detailed in [44]. The
saturation threshold is set as ud = 24V.

The reference signal is chosen as yd = 1.2 sin (t) +
0.7 cos ( 12 t), and the controller parameters are selected as
c1 = 41, c2 = 61, c3 = 50, Γ1 = 390I50×50 ,σ1 = 1.0,
γc1 = 87, γa1 = 70, Γ2 = 900I50×50, σ2 = 1.0, γc2 = 93,
γa2 = 90, Γ3 = 170I50×50, σ3 = 1.0, γc3 = 75 and γa3 = 60
with initial conditions x1 = 1.0, x2 = 0, x3 = 0, ŴF1(0) =
ŴF2(0) = ŴF3(0) = 0, Ŵc1 = [0.5, ..., 0.5] ∈ R50×1,
Ŵa1 = [6.2, ..., 6.2] ∈ R50×1, Ŵc2 = [3.1, ..., 3.1] ∈ R50×1,
Ŵa2 = [8.3, ..., 8.3] ∈ R50×1, Ŵc3 = [1.4, ..., 1.4] ∈ R50×1,
Ŵa3 = [7.0, ..., 7.0] ∈ R50×1. The membership functions of
IT2FLSs are selected as µij = exp

(
−(χj−cij)

2)
2∗72

)
, µ

ij
=

exp
(

−(χj−cij)
2)

2∗32

)
with cij = −3+i, i = 1, ..., 5 and j = 1, 2.

Moreover, the parameters of the SRPPC method are ϖ0 = 0.1,
ϖf = 0.02, Tf = 2.0, aκ = 1.0, ♭ = 1.0, as = 1, 0,
au = 0.14, al = 0.1, bu = 0.2, bl = 0.2, cu = 1.5, cl = 1.5.
For manipulators operating in application scenarios such as

Fig. 2. The tracking trajectory of the system output.

Fig. 3. The tracking error curve of the system output.

handling and sorting, the disturbance acting on the joint end
is set as

d2 =

{
4.1 sin (t) cos (0.7t)− 16.0, 9 < t ≤ 14

4.1 sin (t) cos (0.7t), t > 14.

And the disturbance of the motor end is set as d3 = 5.0 sin (t).
To testify the validity of the presented RL-SRPPC strategy,

simulation experiments are carried out, whose simulation
results are displayed in Figs. 2–6. Figs. 2 and 3 show the
tracking trajectory and tracking error curves of the one-link
manipulator system, respectively. It can be seen from Fig. 2
that the system output is capable of tracking the reference
signal for the input-saturation-constrained system subjected to
the external disturbances. Fig. 4 exhibits the control input of
the one-link manipulator system. According to Figs. 3 and 4,
it can be found that when the one-link manipulator system is
subjected to the input saturation and disturbances, the proposed
RL-SRPPC method self-regulates the PPBs to ensure that the

Fig. 4. The control input of the system.
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(a) (b)

(c) (d)

Fig. 5. (a), (b) and (c) represent the adaptive laws of the system; (d) represents
the cost functions of the system.

(a) (b)

(c) (d)

Fig. 6. (a) represents the tracking trajectories of the system output under
distinct initial errors: e(0) = 0.8, e(0) = −0.3 and e(0) = −0.4; (b), (c)
and (d) represent the error variations of the system output under distinct initial
errors e(0) = 0.8, e(0) = −0.3 and e(0) = −0.4, respectively.

tracking error is always kept in the designed PPBs with no
overshoot. Subfigures (a)-(c) in Fig. 5 illustrate the 2-norm
curves of the adaptive laws ∥ŴF1∥, ∥Ŵc1∥, ∥Ŵa1∥, ∥ŴF2∥,
∥Ŵc2∥, ∥Ŵa2∥, ∥ŴF3∥, ∥Ŵc3∥ and ∥Ŵa3∥, indicating that the
adaptive laws are bounded. The cost functions h1, h2, h3 are
depicted in Subfigure (d) in Fig. 5. Subfigures (a)-(d) in Fig. 6
illustrate the tracking trajectories and the evolution processes
of the tracking error of the one-link manipulator system
under different initial conditions: e(0) = 0.8, e(0) = −0.3
and e(0) = −0.4. Subfigure (a) in Fig. 6 shows that the
system output can track the desired trajectory well under
different initial errors. Subfigures (b)-(d) in Fig. 6 indicate that
the tracking error remains in the PPBs under distinct initial
error conditions. It is proved from Fig. 6 that the proposed
RL-SRPPC method possesses a capacity for self-regulation,
adaptively adjusting the initial PPBs to accommodate different
initial conditions, and ensure the designed PPBs are still

(a) (b)

(c) (d)

Fig. 7. (a) and (c), respectively, represent the error variation situations of
the system output under the proposed method and the RL-based PPC method
in [19] without input saturation; (b) and (d) represent the control input under
the proposed method and the RL-based PPC method in [19] without input
saturation.

(a) (b)

(c) (d)

Fig. 8. (a) and (c), respectively, represent the error variation situations of
the system output under the proposed method and the RL-based PPC method
in [19] with considering input saturation; (b) and (d) represent the control
input under the proposed method and the RL-based PPC method in [19] with
considering input saturation.

capable of enveloping the tracking error when the initial error
of the one-link manipulator varies.

To demonstrate the superiority of the proposed method, the
existing RL-based PPC method [19] is utilized for making
comparison, and the comparison results are shown in Figs. 7
and 8. Subgraphs (a), (c) and (b), (d) in Fig. 7 illustrate
variation situations of the tracking error and the corresponding
control inputs of the proposed method and the existing RL-
based PPC method [19] under different initial conditions
without input physical constraint. According to subfigures (a)
and (c) in Fig. 7, it can be found that the existing RL-based
PPC method [19] only adapts the initial error (e(0) = −0.1).
In contrast, the proposed method performs self-tuning of the
initial PPBs to distinct initial error values (e(0) = 0.3,



11

(a) (b)

(c) (d)

Fig. 9. (a) and (c), respectively, represent the error variation situations of the
system output under the proposed method and the RL-based SFPPC method in
[40]; (b) and (d), respectively, represent the control input under the proposed
method and the RL-based SFPPC method in [40].

e(0) = −0.1, e(0) = −0.4) and ensures the running of the
control system. Additionally, when the step disturbance occurs
in 9s, the proposed method is capable of perceiving that the
tracking error is going to violate the PPBs, quickly regulates
the PPBs to envelop the tracking error and ensures the normal
working of the one-link manipulator. While the control system
remains functional under the existing RL-based PPC method
[19], assuming no input saturation constraints in a practical
system is unrealistic. Given the bounded nature of real-world
control inputs, subfigures (a) and (c) in Fig. 8 exhibit the
tracking error variation under the proposed method and the
existing RL-based PPC method with considering the input
magnitude constraint. The control input is shown in subfigures
(b) and (d) in Fig. 8, which shows the occurrence of the input
saturation. Obviously, although the initial tracking error meets
the initial PPBs, the existing RL-based PPC method [19] fails
when the input saturation appears, resulting in the operation
termination of the one-link manipulator system. However, it
can be seen from subfigures (a) and (b) in Fig. 8 that the
presented strategy is still valid and can ensure the normal
operation of the one-link manipulator system subjected to the
disturbances and input saturation.

To further evaluate the optimization efficacy of the devel-
oped scheme, a comparative study is conducted between the
proposed RL-SRPPC and the RL-based SFPPC method from
[40]. The comparative results, depicted in Figs. 9 and 10,
demonstrate that while both strategies can adaptively recon-
figure the PPBs to maintain system stability under input
saturation and external disturbances, the SRPPC mechanism
provides a more precise and judicious boundary adjustment.
This prevents the unwarranted boundary relaxation observed
in SFPPC, thereby mitigating aggressive control input oscilla-
tions. Furthermore, Fig. 10 illustrates the evolution of the cost
functions for the single-link manipulator, revealing that the
proposed strategy achieves superior steady-state performance
with significantly lower cumulative costs. To provide a rig-

(a) (b)

(c) (d)

Fig. 10. (a), (b) and (c) stand for the cost functions of the subsystem under
the proposed method and the RL-based SFPPC method in [40]; (d) stands
for the total cost functions (h = h1 + h2 + h3) of the one-link manipulator
system under the proposed method and the RL-based SFPPC method in [40].

(a) (b)

(c) (d)

Fig. 11. (a) and (c) represent the error variation situations of the system
output under the proposed method and the RL-based SFPPC method in [40],
respectively, with input saturation ud = 36V; (b) and (d) represent the control
input under the proposed method and the RL-based SFPPC method in [40],
respectively, with input saturation ud = 36V.

orous quantitative assessment, metrics including the Integral
of Absolute Error (IAE), Integral of Time-weighted Absolute
Error (ITAE), Integral of Absolute Control Input (IACI), and
Integral of Cost Function (ICF) are employed, defined as
follows:

IAE =
∫ t

0
|e(τ)|dτ

ITAE =
∫ t

0
t|e(τ)|dτ

IACI =
∫ t

0
| sat(u)|dτ

ICF =
∫ t

0
h(τ)dτ

where h(t) =
n∑

i=1

hi(t) stands for the total cost function with

n = 3.
As shown in Table I, the quantitative comparison results in-
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TABLE I
THE QUANTITATIVE PERFORMANCE OF THE PROPOSED RL-SRPPC

METHOD AND THE RL-BASED SFPPC METHOD IN [40]

IAE ITAE IACI ICF

The proposed
method 0.2637 0.742 901.5 8931

The RL-based
SFPPC method 0.4238 1.986 2.234× 104 1.901× 105

dicate that the presented RL-SRPPC strategy can acquire better
optimization control performance than the RL-based SFPPC
method. In other words, the proposed RL-SRPPC method is
capable of acquiring prescribed tracking performance with a
small control cost for the input-saturation system subjected to
external disturbances. To further examine the robustness and
versatility of the developed RL-SRPPC strategy, an alterna-
tive input saturation intensity (ud = 36V) is implemented
in addition to the baseline 24V scenario. As illustrated in
the comparative results in Fig. 11, when input saturation
occurs, the RL-based SFPPC method exhibits a premature
and unwarranted expansion of the performance envelopes,
leading to intensified system oscillations and performance
degradation. Conversely, the proposed SRPPC mechanism
successfully circumvents redundant boundary relaxation by
explicitly considering the time-varying nature of disturbances
and the physical constraints of the actuator. This consistency
across varying saturation levels underscores the algorithm’s
capability to balance stringent performance specifications with
limited control authority, providing a more reliable solution for
practical robotic applications with different hardware limits.

Remark 7: The selection of control parameters follows a
systematic tuning procedure that balances stability require-
ments with operational performance. To facilitate practical
implementation, a ”hierarchical tuning” rule-of-thumb is sug-
gested: 1) Initialize the feedback gains ci to establish basic
tracking stability, where larger ci accelerate convergence but
increase sensitivity to noise; 2) Adjust the identifier gains
Γi and drift correction terms σi to ensure robust dynamics
estimation; these should be calibrated to capture rapid non-
linearities while suppressing high-frequency oscillations; 3)
Fine-tune the Critic gains γci and Actor gains γai according
to the ”time-scale separation” principle, ensuring γci > γai so
the Critic can reliably evaluate the cost-to-go before the Actor
refines the policy. Furthermore, the SRPPC framework enables
intuitive parameterization; for instance, a target accuracy of
±0.02mm within 2s can be straightforwardly achieved by
setting ϖ0 = 0.02 and Tf = 2s. All selections are strictly
constrained by the stability regions in Theorem 1 to ensure
uniform ultimate boundedness. Notably, the decentralized ar-
chitecture ensures the scalability of the scheme to higher-
dimensional MIMO systems by treating inter-subsystem cou-
plings as augmented dynamics. While the current parameters
are manually calibrated within feasible regions, the frame-
work’s structured nature allows for the future integration of
meta-heuristic algorithms (e.g., Particle Swarm Optimization)
to automate the optimization of these hyper-parameters across
diverse operational scenarios.

V. CONCLUSION

In this work, an optimal control scheme is devised through
the synergistic fusion of the RL technique with the SRPPC
algorithm for a class of input-saturation systems subjected to
external disturbances. The RL method based on the identi-
fier–critic–actor architecture, cooperating with the IT2FLSs, is
utilized to approximate the unknown nonlinear functions and
optimize the control performance. To deal with the singularity
issue of the traditional PPC technique, the SRPPC is designed
to achieve the adjustment of the initial PPBs for different initial
errors, and automatically extend the PPBs to encompass the
tracking error when the input-saturation system is subjected
to drastic external disturbances. Moreover, by incorporating
reinforcement learning with the proposed SRPPC method,
an RL-SRPPC optimal control scheme is devised, which
simultaneously minimizes the control cost and guarantees both
operational safety and adherence to prescribed performance
specifications. Additionally, the numerical simulation using the
one-link manipulator is carried out to prove the effectiveness
and advantages of the presented strategy. Furthermore, con-
sidering the evolving landscape of intelligent control, future
research will focus on extending the proposed RL-SRPPC
framework by incorporating data-driven non-cooperative game
theory and Q-learning mechanisms. Such an integration is
expected to enhance the strategic resilience of the controller
against sophisticated uncertainties and facilitate more efficient
resource management in complex multi-player or adversarial
environments.
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