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Abstract: This paper analyses the problem of maximizing of the inter-event time when
controlling nonlinear systems represented by Takagi-Sugeno fuzzy models. First a linear and
a fuzzy controller and corresponding triggering conditions are designed. To maximize the
guaranteed minimum inter-event time, an optimization problem is formulated. The results are

illustrated on a numerical example.
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1. INTRODUCTION

Nowadays controllers for various processes are imple-
mented on embedded microprocessors with access to a
limited power supply, or processes are controlled through
networks with limited bandwidth. Considering the con-
straints, the interest in event-triggered control (ETC)
increased, as this method can conserve communication
resources and prevent network congestion for network con-
trolled systems (Toli¢ and Hirche, 2017).

Starting with the publications of Arzén (1999), research
concerning ETC led to the development of numerous
methods. For example, Tabuada (2007) investigated a
method based on input-to-state stability and designed
triggering conditions. This approach avoided the Zeno
behavior and presented a way to compute the inter-event
time.

To provide longer inter-event times, Girard (2015) pro-
posed dynamic ETC, while Maalej et al. (2012) developed
a dynamic triggering law based on the system states. This
idea is similar to self triggered control, as the event is using
only the previous state information. Extensive research on
self triggering control was performed by Heemels et al.
(2012), Zhang and Fridman (2021), etc. Recent results
related to general event trigger controllers have been de-
veloped by Espitia et al. (2021).

A primary problem related to ETC is the Zeno behavior
and how to avoid it (Lygeros et al., 2003). Zeno behavior
means that the controller attempts to infinitely trigger in
a finite time, which is not possible. To avoid this problem,
when designing the ETC, a positive minimum inter-event
time (MIET) should be imposed (Zhang and Fridman,
2021). Asymptotic convergence can be affected by impos-
ing the MIET, leading to practical convergence (Berneburg
and Nowzari, 2021). Another method to assure a positive
MIET is to use a self triggered control (Anta and Tabuada,
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2010) or periodic event-triggered control (Heemels et al.,
2013). An analysis of the relationship between MIET and
convergence rate was done by Zhang et al. (2024). Ghodrat
and Marquez (2020) designed an event-triggered control
for linear systems that can guarantee MIET in the case
when the system is affected by disturbance. In a similar
direction, Borgers and Heemels (2013) studied how dis-
turbances affect the MIET. Borgers and Heemels (2014)
extended this research and studied the conditions for a
positive lower bound on MIET.

The majority of ETC algorithms use time-invariant feed-
back. To enhance the control performance for linear time-
invariant systems, a linear time-varying controller based
on Riccati-type differential equations was developed by
Inoue et al. (2011). Ahmed-Ali et al. (2016) proved that, in
contrast to constant gain, time-varying gain can increase
the maximum sampling interval. In general, while the
design tends to be more challenging, ETC algorithms with
time-varying gain increase the control performance and
conserve communication resources.

Results related to ETC for general nonlinear systems that
consider a guaranteed computed MIET are limited, as the
interest is mainly to prove its existence, but not the actual
computation of a positive lower bound.

A way to represent nonlinear systems is using Takagi-
Sugeno (TS) fuzzy models, usually in a bounded region
of the state-space. The main advantage of TS models is
that the local linear models are combined in a convex
structure. Using this representation, event-triggered fuzzy
control designs have been explored based on techniques
like backstepping (Rathnayake and Diagne, 2024), sliding
mode (Xu et al., 2025b), fault tolerant control (Fan and
Yang, 2018), adaptive control (Xu et al., 2025a), memory-
based event-triggered control (Hou and Dong, 2024), etc.

In all these results the MIET is not computed directly and
it can only be observed from the simulations. However,
the MIET has an important role when looking at the
the practical feasibility of an ETC to be implemented
on a hardware device with limited resources. In fact, for



choosing the actual hardware, a lower bound on the inter-
event intervals is necessary. Our current work is motivated
by this issue and focuses on the design of a controller that
guarantees and maximizes the MIET. The contributions
of this research are:

e a MIET is guaranteed for the controllers developed
for TS fuzzy models

e conditions to design the controller together with the
optimization problem to maximize the MIET are
formulated

The structure of this paper is the following: Section 2
contains the problem statement, and the necessary back-
ground. Sufficient conditions for controller design are pre-
sented in Section 3. The optimization problem is formu-
lated in Section 4. The developed conditions are illustrated
on a numerical example in Section 5. Conclusions are
drawn in Section 6.

2. PRELIMINARIES AND PROBLEM STATEMENT

Notations. Consider a real symmetric matrix F = FT €
R™™ We denote with FF > 0 (F < 0) if F is positive
(negative) definite definite. We denote the identity matrix
with I and the zero matrix with 0. The transposed
quantity in a symmetric position is indicated by the

P(*))— PAT),andA+(*)—A+

AP AP

AT, For x € R", ||z| represents the Euclidean norm. To
simplify the notations, F ) = i1 4i(2(t))F; is used to
represent convex sums. Nonlinear membership functions
gi, t = 1,...,7, have the property ¢; € [0, 1], i =1, ..., r,

Yim1 Gi(2(1) =1, Vz(t).

In aset D C R" of the state-space, with 0 € D we consider
the model

symbol (%), i.e. (

:c(t) :Az(t)x(t) + Bz(t)u(t) (1)
with the state vector z(t) € R™ and the control input
u(t) € R™. The vector of scheduling variables that
depends on the states are denoted by z. We use r for
the number of linear models, and A ;) = S ai(z(t) A,
Bawy = iz 4i(2(1) Bs.

Our goal is to design an ETC of the form
u(t) = =Ky x(te) T € [trs titr) (2)
where tx, £ = 0, 1, ... are the triggering instants such

that the controller stabilizes the system and the inter-event
time, 7, = tp+1 —tk, k=0, 1, ... is maximized.

To simplify the notation, the explicit continuous time-
dependence of the variables is not indicated, i.e., z(t) will
be noted as x. The dependence on the triggering instant
is specified, i.e. z(tx) represents the state value at time ¢.

To design the controller we will use the following result.
Let a dynamic system given as:

&= f(x,e) 3)
where e denotes the errors affecting the system. Then,
Definition 1. (Tabuada, 2007) A smooth function V :
R™® — R7T is said to be an ISS Lyapunov function for
system (3) if there exist ko functions w, w, w, and ~
satisfying

w(llz]l) < V() <w(|l])
5 @) < —wllz]l) +~(lell)
3. CONTROLLER DESIGN

Our goal is to design controller (2) and to optimize its
gains such that the closed-loop system is asymptotically
stable and the inter-event time 75 is maximized. Two
control structures are proposed: a linear and a fuzzy
controller. The linear one has the advantage of simpler
design and reduced implementation complexity. Moreover,
it requires minimal assumptions and provides a simpler
triggering condition. We also consider a fuzzy controller
to provide more flexibility and reduce conservatism, but
at the cost of increased computational complexity. To
design the controllers, Lyapunov synthesis will be used,
employing a common quadratic Lyapunov function of the
form V = 2T P~z with P = PT > 0.

8.1 Linear controller

We start with a linear controller ie., K; = K, ¢ =
1,2, ..., r, resulting in

u(t) = 7K1’(tk) te [tkatk—i-l) (4)
The closed-loop system can be written as:

= A.x+ Bu(ty) = A,z — B, Kx(ty) (5)
where K is the controller gain to be determined, together
with the triggering instants ¢, £k =0, 1, .... The dynam-
ics (5) can be expressed as

= (A, — B,K)x + B,Ke (6)

where e = = — (t)) denotes the error. The derivative of
the Lyapunov function V = 27 P71z is:

V=a2TP YA, - B.K)x 4+ 2T P7'B.Ke + (%) (7)
where () represents the symmetric part of all the terms
before it. V' is bounded as:

V < —aza + bl|z|[le] (8)
if there exists a > 0 so that P~1(A, — B,K) + (x) < —al,
Vz(t), and b > max, |P~Y(B.K)||, b > 0. Then, V < 0 as
long as —al|z||? + b||z[|[[e]| <0, i.e. [[e]| < %]|z||. Thus, the
triggering condition |le|| > oljz|| from (Tabuada, 2007) is
obtained for o € (0, §).

Using the same approach as Tabuada (2007) for the
dynamics (6), we bound & as:
&[] < allz]] + afle]l (9)
for some a > 0 such that
o > maa(|A. — B.K|.|B.K])
holds Vz. As at the triggering instant ¢, the error is reset
e(ty) = 0, the time required for ||e|| to reach ol|z| or,

[lel]
[E]

Tk = tg41 — tg. Considering the dynamics of

to reach o is (Tabuada, 2007) the inter-event time

[lell

= recalling

that e = ¢ — z(t), and using (9), we have:
d el _ d (eTe)?

dt||z]| — dt (zT2)3

1 (ebelel B JfTi“llell)

Tz le ]|

Sa(1+||||;||)> (1+||||§|||)‘




With the notation y = %, the above inequality is
transformed into 57 < a(1+y)2. Let ¢ (¢, ¢o) be the solution
of ¢ = a(l + ¢)?, having ¢(0,¢9) = ¢g = 0. Using the
comparison lemma (Khalil, 2002) we get y(t) < &(¢, ¢o).
Since ¢(t,0) = 125 we obtain

t
g

“a(lto)
The following theorem summarizes this result:

T

(10)

Theorem 2. The event-triggered controller (4) asymptot-
ically stabilizes (1) using the triggering law Hejll > oz,
with o € (0, §), if there exist matrices P = P* > 0 and
K, and a, b, and « positive constants, so that the following
conditions hold Vz:

P YA, - B.K) + (¥) < —al

2P B.K|| < b

o > max(|[A. — B.K|, | B.K|)
Furthermore, the minimum guaranteed interevent time is
at least 7 =

(11)

oz(li—o’) .
3.2 Fuzzy controller

Consider now the fuzzy controller:

s
u="Yqi(z(tr) Kix(t) = K.,)x(tr), t € [trr tryr).
i=1

(12)
In this case there is a mismatch between the controller
gains calculated continuously, K., and the gains applied
to the system when the triggering is enabled, K, ). This
mismatch is denoted by AK = K, — K. ¢,), t € [tr, tht1),
and we include it into the triggering function. The closed-
loop system is expressed as:

= (A, — B,K,)x + B,K,e + B,AKuz(t;)

— (4. - B.K.)a+ (B.K. B.) (Z} iéi,’:ﬁ) (13)

The derivative of the Lyapunov function V = 27 P~ !z
along the trajectories of (13) can be written as:
V=2TP YA, - B.K.)z+

+2" P~ (B.K, B:) (ZI_(:;((tt]Z))) )

where (%) denotes the symmetric part. V is now an
ISS Lyapunov function in the sense of Definition 1 for

x_x(tk))

system (13) with respect to the error & = (Am(tk)

(14)

Assuming that there exists a > 0 so that P7!(A, —
B.K,) + (x) < —al, Vz(t), (14) can be bounded as:

V < —axTz + bl €] (15)
where b > max, ||P~! (B,K, B.)||, b > 0. Thus, in this
case, the triggering condition ||é]| = o||z|, with o € (0, ¢)
ensures the negativity of V.

The dynamics & can again be bounded as (9) where « > 0
is a positive constant such that
a > max(|[A; - B K|, [| (B:K. B:)|)  (16)

hold Vz. The guaranteed MIET is expressed as (10), with
a given in (16), and the following result is formulated:

Theorem 3. The event-triggered controller (2) asymptot-
ically stabilizes the system (1) using the triggering law
I ((z = 2(t)" (AK.z(t))") | = ollzll, with o € (0, ),
if there exist matrices P = PT > 0and K;,i=1,2, ..., r,
and positive constants a, b, and « so that Vz the following
conditions hold:

P YA, - B.K.) + (¥) < —al

2|P7 (B:K. B:)| <b

a > max(||A; - B K|, || (B-K- B:) )
The guaranteed MIET is at least 7 =

(17)

Oz(lo—-l—a) :
4. OPTIMIZATION PROBLEM

Our goal is to maximize the inter-event time, i.e.
o
a(l+o0)
with o € (0, #) so that the following constraints are
satisfied Vz for the linear controller:
P YA, - B.K) + (x) < —al

maximize T

(18)

2P 'B.K| <b (19)
a > max(||A, — B.K||,||B.K||)
while for the fuzzy controller we have the constraints
P YA, - B.K) + (¥) < —al
2 PUBLK| < b (20)

a > max(|[A; — B:K|, | (B-K- B:)|)

The decision variables are the elements of P and K matri-
ces. We solve the optimization problem with two methods:
a gradient based method (Waltz et al., 2006) and the global
optimization method PSO (Kennedy and Eberhart, 1995).
We use the functions fmincon and particleswarm readily
implemented in Matlab. Fmincon uses a gradient-based
algorithm and offers fast convergence, but it may converge
to a local optimum. PSO is a global optimization method,
but has the drawback of increased computational effort.

4.1 Gradient-based method

As neither fmincon, nor PSO can take matrices as decision
variables, we combine the matrices P and K in a vector
as follows. Consider the elements in P = PT > 0 and K:

P11 P12 - Pin ki ki - kin
(%) pa2 - Pon ko1 koo -+ kop

Pnn kml ka T

() () -

kmn
The decision vector is built as:
4= P11 P12 *°° Pin P22 *°° P2n " Pnn
kin k2 -0 Kin oo ki B2 oo kn

To obtain a feasible initial point, we generate random
values for the upper triangular part of the P, matrix, i.e.

[ P11 P12~ Pin P22 *** D2n ** Pnnl. After that, we we
build the matrix.

To ensure that the initial starting point is feasible and
stabilizes the closed-loop system, we verify that Py > 0
and solve

(A, — B.Ko)Py+ (x) <0 (21)
to obtain K. If (21) is unfeasible or Py < 0, a new random
Py will be generated and the entire process is redone until



a solution is found. Having now the initial matrices Py and
Ky we can build the initial point Zg.

Recall the objective function (18) that we want to maxi-
mize. To compute the initial inter-event time, constraints
(19) are transformed into equations:

a = —max(eig(P~' (A, — B.K) + (x)))

b=2|P'B.K]|| (22)
a = max(||A. — B. K[|, | B-K]|)
We take o = ¢, thus the objective function is 7 =

m. fmincon considers by default that the nonlinear
constraints are < 0, thus we define them as:
c1 = max(eig((P™' (A, — B.K) + (¥))))
co = —2|P7'B.K|
¢ = —max(| A, — B.K|, | B.K])
¢y = max(—eig(P)).

(23)

After the optimization is run, we obtain the optimal
vector Zo,:. We build the matrices P, and K,p: and we
perform a stabilization check on the closed loop system
(6). If the closed loop system is stable, we compute the
inter event time 7 and save the parameters to be used
in the simulation. If the closed loop system is unstable,
the entire process is redone. As this method finds a local
optimum, we run the optimization several times from
different, randomly chosen initial points.

Let us now consider the fuzzy controller (12). P has the
same structure as before and the i** controller gain K,

t=1,2,...7is:
3 3 3
o k21 k22 k2n

O K0 L D

m2 mn

The decision vector is therefore modified as:

plll) p112) plln) D22 (1 p21n Pnn
= k%) () i () Ko k%”% ) b
kll k12 e kln e kml ka t k’%zz

(24)

The steps for the generation of the initial point are the
same. We have to modify (22) as:

a = —max(eig(P~ (A, — B.K.) + (%))

b=2|P~" (B.K: B.)|| (25)
o = max(|4. - B.K], | (B.K. B.)])
and we change the constraints (23) into:
c1 = max(eig(P™Y (A, — B.K) + (x)))
co=-2||P7 (B.K. B.) | (26)

¢z = —max(||A: — B:K[|, | (B:K. B.)||)

¢y = max(—eig(P))
As everything is defined now for the fuzzy case, we
can run fmincon for the objective function (18) together
with the constraints (26) to get the optimal vector Zop:.
The decision matrices Py and K, are built from the
optimized vector and a stabilization check of the closed
loop system is done. As before, if the closed-loop system
is stable, the matrices are saved and the inter-event time

T is calculated, otherwise a new initial point is generated
and the entire process is redone.

4.2 PSO based approach

Particle swarm optimization (PSO) is a population-based
optimization technique. A possible solution is represented
by a particle that moves in the search space. The move-
ment is influenced by the particle’s own best position and
the swarm best position.

For the actual optimization we use the particleswarm
function from Matlab which generates an initial swarm
automatically. Lower and upper bound are set to limit the
explored space. The vector of decision variables is built as
in Section 4.1, and the goal is to maximize the objective
function (18) together with the constraints (22).

An important difference from the fmincon is that par-
ticleswarm can not consider directly the nonlinear con-
straints. Thus, a penalization function is needed that con-
siders both the constraints and the objective function. We
define this function as:

N T,

f(l') - {_1057
Similarly to Section 4.1, once we obtain the the optimal
vector Zop¢, we build the matrices Py, and K, from the
vector and we perform a stabilization check on the closed
loop system (6). If the closed loop system is stable, we
compute the inter event time 7 and save the parameters
to be used in the simulation.

if (23) is satisfied

27
otherwise (27)

For the fuzzy controller (12) the algorithm is the same, but
we consider a fuzzy K, thus changing the decision vector
into (24), and correspondingly modifying the penalty func-
tion (27).

5. EXAMPLE

The results of inter-event time maximization are illus-
trated in this section on the numerical example from Su

et al. (2021). We set the initial conditions to = = [0.5 0.4]"
and consider the exogenous disturbance to be 0 resulting
the fuzzy model:

x(t) ZAZ(t).T(t) + Bz(t)u(t)
with 2 rules,
—-1.2 0.3 0.6 —0.5
A= [ 1 —0.8] Ay = [—1.2 —0.4] ’
B =1[02", B, =By,
1 —sin(z) 1+ sin(zy)
q1(r1) = 9 ) B
The open loop is not asymptotically stable, thus a con-
troller is needed for stabilization. Since fmincon is a
gradient-based method which depends on the starting
point, we ran the algorithm for 60 initial points. For the
linear controller case, the best result obtained with fmin-
con is Tope = 0.0079 and the corresponding gain matrix is:
K = (—2.5757 0.7362). The inter-event times can be seen
in Fig. 1. In the simulation, the actual inter-event time
is 0.0254 i.e., the guaranteed MIET is satisfied. It can be
observed in Fig. 2 that the closed-loop system is stabilized.

Q2($1) =
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Fig. 3. Inter-event times for linear controller and PSO

Considering the optimization with particleswarm for the
linear controller, the closed-loop system is stabilized with
the controller gain: K = (—2.5381 0.7180) and 7,y =
0.0079. In Fig. 3 we can see the inter-event times for a
particular trajectory, with the minimum being 7 = 0.0254,
thus almost the same result is obtained as with fmincon.

For the fuzzy controller with fmincon we obtain the
controller gains: K; = (—2.8128 0.8461) and Ky, =
(—2.7343 1.0362). Fig. 4 shows the actual inter-event
times, with the smallest 0.0279 being greater than the
guaranteed 7,,; = 0.0079.

Using particleswarm function for the fuzzy controller, the
obtained gains are: K7 = (—2.7347 0.7590) and Ky =
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Fig. 4. Inter-event times for fuzzy controller and fmincon
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Fig. 5. Inter-event times for fuzzy controller and PSO

(—2.6023 1.0794). The inter-event times are presented in
Fig. 5. The guaranteed MIET is 7,,; = 0.008 while the
simulated one is 7 = 0.0298.

As can be seen, there is a significant gap between the guar-
anteed MIET and the inter-event times observed in simu-
lation. This is due to the fact that the results are conser-
vative (e.g., due to the common quadratic Lyapunov func-
tion, or using the same bound on ||A, — B, K || and|| B, K||)
and the guaranteed MIET is actually a worst-case lower
bound, rather than a prediction of performance. Consid-
ering the case of PSO optimization, the small difference
between the linear and fuzzy controllers may be due to
the fact that a linear controller suffices. However, in the
simulations, a slightly better MIET is obtained by the
fuzzy controller.

Note that the controller from (Su et al., 2021), although
it depends on the triggering instants, it is computed and
applied continuously based on the current error, see eq.
(33) in (Su et al, 2021). Applying that controller in
an event-triggered manner, i.e., with u(t) = u(ty), t €
[tkstr+1), leads to a significantly reduced inter-event time,
as shown in Fig. 6.

6. CONCLUSIONS

This paper developed event-triggered linear and fuzzy
state feedback controllers for TS fuzzy systems. An op-
timization problem to maximize the inter-event time is
formulated. A gradient-based and a global optimization
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method are used to solve it. The proposed design is illus-
trated on a numerical example. In the future, we will strive
to reduce the conservativeness of the design.
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