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Abstract—This paper investigates and compares two control 

strategies for a DC motor actuating a joint of a rehabilitation robot 

intended for upper-limb recovery. A classical PD controller and a 

model-based LQG approach, are designed based on identified 

dynamics. Both controllers are first evaluated in simulation and 

are then tested on the physical motor using identical reference 

trajectories. Performance is assessed in terms of tracking 

accuracy, steady-state error, and sensitivity to measurement noise 

and modelling errors. The results highlight the practical trade-offs 

between the simplicity and tuning effort of the PD controller and 

the improved estimation and optimal feedback properties of the 

LQG scheme. 
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I. INTRODUCTION 

 DC motors remain a fundamental actuation solution in 
embedded control systems and robotic applications [1] due to 
their simplicity, efficiency, and low cost [2]. Accurate 
modeling and control of such actuators are essential for 
achieving stable and high-performance motion control. In 
practice, however, the available sensing is often limited, 
specifically, angular velocity is not directly measured [3], [4]. 
Instead, only position information is available through 
incremental encoders, and the velocity must be estimated [5].  

Furthermore, when the system parameters are unknown, 
system identification [6], [7] provides an effective framework 
for deriving mathematical models directly from experimental 
data and have been widely applied to DC motor modeling [8]. 
Higher-order models improve accuracy, but for real-time 
applications, low-order discrete-time models are often 
preferred [9]. 

Optimal control strategies such as Linear Quadratic 
Regulation (LQR) [10] have been studied for motor control 
[11]. When combined with state estimation techniques, such 
as the Kalman filter, they form the Linear Quadratic Gaussian 
(LQG) framework. LQG control enables optimal feedback 
based on estimated states, but its practical implementation is 
often limited by modeling assumptions and sensor 
availability. Most existing studies [5], [12], [13] focus either 
on offline identification or on control design under ideal 
measurement conditions. Fewer works [14] address the 
complete pipeline with explicit consideration of real-time 
implementation. 

Medical rehabilitation robots [15] are essential tools for 
delivering high-intensity, repetitive physical therapy and their 

movement is performed using DC motors. To address the 
control challenges of a multi-degree-of-freedom rehabilitation 
platform, this study adopts a decoupled approach by focusing 
on the identification and control of a single representative 
joint. Validating the identification procedure and the observer-
based control architecture on this individual joint provides the 
experimental foundation for extension to the entire robotic 
system [16]. 

This paper proposes a complete identification and control 
framework for real-time embedded systems. A discrete-time 
model relating PWM input to motor velocity is identified from 
experimental data, resulting in a compact second-order state-
space representation. A PD and an LQG control architecture 
are designed for the identified model. The controllers are 
validated using experimental data, and all parameters required 
for embedded implementation are provided. 

 The paper is structured as follows: Section II presents the 
rehabilitation robot, focusing on the specific joint and DC 
motor assembly.  Section III details the identification of motor 
dynamics. Section IV describes the design of the classical PD 
controller and the LQG. Section V provides a comparative 
analysis of the results obtained from both simulations and real-
time experiments. Finally, Section VI concludes this study. 

II. ROBOT DESCRIPTION 

The experimental platform used in this study is the 
WRIST-X rehabilitation robot [17] designed for upper-limb 
and wrist recovery, presented in Figure 1. The robot is 
intended to assist repetitive therapeutic movements under 
different rehabilitation strategies. It consists of multiple 
actuated joints, each driven by an electric motor and having 
position sensing.  

 

Fig. 1.    Robot WRIST-X  



 

Each joint of the robot is actuated by a DC motor and is 
associated with one fundamental wrist motion. Incremental 
encoders are used to measure joint position. No direct velocity 
or torque sensors are available 

From a control perspective, the robot is modeled using an 
independent joint control approach. This assumption is valid 
for low-speed rehabilitation motions, where dynamic 
couplings  between joints are limited and can be neglected or 
treated as disturbances  for control. The control input for each 
joint is the pulse-width modulation (PWM) signal applied to 
the DC motor driver. The measured output is the joint position 
obtained from the encoder. A complete kinematic and 
dynamic model of the robot was derived in our previous work 
[17] using the Euler–Lagrange formulation, but motor 
dynamics and friction effects were neglected in order to focus 
on the mechanical behavior of the robot. 

In the present study, control design is carried out at the 
joint level, based on experimentally identified dynamics, with 
the goal of implementing and validating control strategies in 
real time under realistic sensing and actuation constraints. 

III. IDENTIFICATION OF THE 3RD ROBOT JOINT  

The joint is actuated by a DC motor. While the model of 

the DC motor, see [18], theoretically involves three state 

variables representing current, angular velocity, and angular 

position, experimental tests demonstrated [19] that the 

system dynamics can be effectively approximated using a 

reduced-order model by neglecting the current dynamics. 

Consequently, this study focuses on the identification of a 

model comprising only the velocity and position. 

The identification was conducted using experimental data 

acquired at a sampling period of 0.01 seconds. The input 

signal consisted of the PWM duty cycle, while the measured 

output was the joint position provided by the encoder. To 

capture the dominant dynamics of the motor, a first-order 

model was identified to correlate the PWM input with the 

angular velocity reconstructed through numerical 

differentiation and filtered using a Butterworth filter. These 

signals can be seen in Figure 2. 

 
Fig. 2.    Input and motor position 

 

Various structures, namely n4sid, ARMAX, and OE have 

been tested. Among these, an ARX [1 1 0] model [20] 

provided the highest accuracy, achieving a fitness level of 

87.71%. The resulting discrete-time transfer function is: 

𝐺(𝑧) =
0.0219

  𝑧 −  0.9173
 

 

(1) 

The identified velocity model was augmented with a 

discrete-time integrator, resulting in a second-order state-

space representation. The system matrices are: 

𝐴 = (
0.9173 0

0.01 1
)  𝐵 = (

0.0219
0

)  
 

(2)  

𝐶 = (0 1)       𝐷 = (0) 

𝑥 = (
v
𝑝), where 𝑣 represents the velocity and 𝑝 the 

position; 𝑢 is the PWM input command. 

The equivalent transfer function is: 

𝐻(𝑧) =
0.0002191

  𝑧2 −  1.917  𝑧 +  0.9173
 

 

having the sampling period 𝑇𝑠 = 0.01𝑠𝑒𝑐. 

 

(3) 

Simulation results for this model are shown in Figure 3.  

  
Fig. 3.    Resulting model 

IV. CONTROL DESIGN 

A. PD Controller 

A classical [21] PID controller, with transfer function (4), 
is designed as a baseline control strategy. 

𝐶(𝑧) = 𝐾𝑝 +
𝐾𝑖𝑇𝑠

𝑧 − 1
+

𝐾𝑑(𝑧 − 1)

(𝑇𝑓 + 𝑇𝑠)𝑧 − 𝑇𝑓

 
(4) 

The controller gains are tuned empirically to achieve a 
satisfactory compromise between rise time, overshoot, and 
steady-state error. As the model contains an integrator, a PD 
control was selected to maximize the transient response speed 
and ensure robust stability without introducing the phase lag 
associated with integration. The final design resulted in a PD 
controller with a proportional gain 𝐾𝑝  =  99.84, a derivative 

gain 𝐾𝑑  =  5.06, and a derivative filter time constant 𝑇𝑓 =
0.2 𝑠𝑒𝑐𝑜𝑛𝑑𝑠. The test scenario utilized a multi-step reference 
trajectory designed to evaluate the system response across 
different operating points. The reference signal included step 
changes to 10, 20, 40  and 60  degrees. The closed-loop 
response of the system is depicted in Figure 4. All simulations 
were conducted in Matlab. The quantitative analysis of the 
simulation yields a tracking Mean Absolute Error (MAE) of 
4.05 and a Root Mean Square Error (RMSE) of 11.72. The 
linear, ramp-like convergence to the setpoint, rather than a 
standard exponential decay, is strictly dictated by the 100% 
PWM saturation limit of the physical actuator during large 
step changes. 

B. LQG Control Design 

Next, we consider an LQG controller [22], [23] designed 
based on model (2). Since only the position is measured, a 
discrete-time Kalman filter is designed to estimate the full 
state vector. Due to space constraints, the design steps are 
omitted; the reader is referred to [23].  

For the Kalman filter, the process noise covariance matrix 
was selected as 𝑄 =  𝑑𝑖𝑎𝑔(2, 0.01). A significantly higher 



 

variance was assigned to the velocity to account for 
unmodeled dynamics. The measurement noise covariance was 
set to 𝑅 =  0.05 . This tuning resulted in a steady-state 
Kalman gain of 𝐿 =  [4.65, 0.8]𝑇 , using a correction to the 
velocity estimate. For the real-time implementation, the gain 
was computed offline and kept constant to reduce 
computational complexity. The effectiveness of the Kalman 
filter was validated in simulation using experimental data, 
where the observer achieved a fitness score of 99.98% for the 
position and 91.63% for the velocity. 

 

Fig. 4.    Closed loop trajectories with PD Controller 

For the LQR, the state weighting matrix 𝑄𝐿𝑄𝑅 =
𝑑𝑖𝑎𝑔(2,400) was chosen, to  prioritize the minimization of 
position error. The control effort weighting was set to 𝑅𝐿𝑄𝑅 =
2 to maintain the PWM signal as low as possible. The 
optimization yielded a constant feedback gain vector of 𝐾 =
 [1.53, 13.90].  The control law incorporated the pre-
calculated reference compensation factor 𝑁𝑓𝑖𝑥 = 13.90  to 

eliminate steady-state errors. The final discrete-time control 
law implemented on the embedded system is: 

𝑢[𝑘] = 𝑁𝑓𝑖𝑥𝑟[𝑘] − 𝐾𝑥̂[𝑘] (5) 

where 𝑢[𝑘] represents the control input (PWM duty cycle) at 
sampling instant 𝑘 , 𝑟[𝑘]  denotes the desired reference 
position, and 𝑥̂[𝑘] is vector estimated by the Kalman filter. It 
is important to note that tracking is achieved via a feedforward 
pre-compensation term 𝑁𝑓𝑖𝑥 , while the LQR state-feedback 

𝐾𝑥̂[𝑘]  provides closed-loop regulation around the nominal 
trajectory. Gaussian white noise was injected into both the 
process and the measurement to assess the robustness of the 
Kalman filter.  

 

Fig. 5.    Closed loop system trajectories using LQG controller 

To validate the performance of the LQG architecture under 
realistic operating conditions, a closed-loop simulation was 
conducted. The same test scenarios was used as for the PD 
controller. The quantitative analysis of the simulation yields a 
tracking MAE of 4.21 and a RMSE of 11.72, almost the same 
as the PD controller. Furthermore, the Kalman filter 

demonstrated high precision, achieving a position estimation 
MAE of 0.06 despite the presence of measurement noise. The 
response of the closed-loop system, including position 
tracking, error evolution, and the estimated velocity profile, is 
illustrated in the Figure 5. 

V. EXPERIMENTAL RESULTS 

For the real-time physical experiments, the control 
algorithms were implemented on a Arduino Mega 
microcontroller, operating at a sampling period of 0.01 
seconds. The PD and LQG were implemented and validated 
on the actuation unit of the WRIST-X rehabilitation robot. The 
experiments utilized the same multi-step reference trajectory 
as in simulations for both controllers to ensure a consistent 
performance assessment.  

The experimental response of the system using the PD 
controller is presented in Figure 6. The PD controller achieves 
a MAE of 3.4 and a RMSE of 10.68. However, the aggressive 
tuning of the proportional term causes the PWM output to 
instantly saturate at 100% during step transitions. 
Consequently, the motor operates at its maximum varying 
velocity limit, resulting in a linear ramp-like position profile. 
This saturation phenomenon dominates the transient phase. 
Despite the physical limitations, the controller ensures 
stability and successfully eliminates steady-state error. The 
large discrepancy between the reference and the actual 
position during transitions is strictly a consequence of the 
maximum speed constraints of the DC motor under load, 
rather than a deficiency in the control itself. While this 
configuration offers a rapid response time, in rehabilitation 
contexts soft, compliant motions are prioritized over rigid 
positioning. 

 

Fig. 6.    Experimental result with PD 

Following the baseline evaluation, the Linear Quadratic 
Gaussian (LQG) architecture was deployed under identical 
test conditions. The system’s response is illustrated in Figure 
7. The LQG framework yielded a higher MAE of 5.46 and an 
RMSE of 10.49 but provided a significant advantage 
regarding actuator usage.  

The results confirm that the large amplitude of the 
reference forces the system into the saturation region, 
regardless of the control algorithm used. However, a distinct 
difference is observed in the actuator usage. In contrast to the 
aggressive PD response, the LQG control generates a 
significantly more tempered command that remains within the 
linear operating range of the driver, effectively avoiding the 
hard clamping at 100% duty cycle. Consequently, the transient 
phase is smoother, reducing mechanical stress. Furthermore, 



 

once the target position is achieved, the control signal settles 
into a stable holding torque. Unlike the derivative term in the 
PD which amplifies encoder quantization noise, the LQR 
feedback relies on the Kalman filter's smoothed state 
estimates. It is important to note that a minor steady-state error 
persists despite the application of the reference pre-
compensation gain. This small deviation is attributed to 
unmodeled effects, primarily static friction in the joint 
transmission, which the linear state-feedback law cannot fully 
overcome when the error signal becomes small. 

 

Fig. 7.    Experimental result with LQG 

VI. CONCLUSIONS 

This paper presented a comparative study between two 
model-based control strategies applied to a DC motor 
actuating the joint of a rehabilitation robot. Starting from 
experimental data, a low-order discrete-time model was 
identified and subsequently augmented with an integrator to 
serve as the basis for the synthesis of both a PD and LQG 
controllers. Experimental validation demonstrated that while 
the PD controller achieved superior tracking accuracy, its 
aggressive transient response is less suited for therapeutic 
interaction compared to LQG. The LQG leveraged the 
Kalman filter to generate a significantly smoother and more 
compliant control signal, mitigating high-frequency 
quantization noise. 

Future work will focus on addressing the observed steady-
state errors in the LQG response by augmenting the state-
space model with friction compensation mechanisms and 
extending this control framework to the remaining joints of 
the multi-degree-of-freedom robotic system. While the 
current baseline effectively manages the nominal operating 
range, future work will explore robust 𝐻∞control strategies to 
explicitly handle parametric variations and external 
perturbations across wider operating conditions. 
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