Observer design for a class of nonlinear systems
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Abstract—This paper presents a discrete-time Takagi-Sugeno
fuzzy observer design approach for a class of nonlinear systems.
Instead of including all the nonlinear terms in the membership
functions, some of them are kept as nonlinear consequents,
and they need to fulfill a globally Lipschitz condition. The
form considered permits nonlinear consequents that depend on
nonscalar inputs. The design conditions are defined in terms
of linear matrix inequalities, and they are less restrictive than
previous conditions from the literature. Two numerical examples
highlight the advantages obtained.

I. INTRODUCTION

For systems where direct measurements of relevant state
variables are not physically possible or the measurement
sensors are too expensive, estimation is used. This research
field has started with the seminal works [1] and [2], and has
been explored in depth for both linear and nonlinear systems.

An influential nonlinear observer design approach is pre-
sented in [3], where a slope-bound condition is used to
handle the nonlinearities, assuming that each nonlinearity is
a function of a given linear combination of the states. A
generalization of this approach is given in [4], where less
conservative design conditions are developed. Furthermore, in
[5], the restriction that the nonlinearities must be a function
of the same linear combination of the states is removed. They
define a more general form of the nonlinearities that may
depend on nonlinear combinations of the states, for example,
nonlinearities like cos(z1x2). Several extensions of this work
can be found, see e.g. [6], [7], [8], [9], [10], [11].

In particular, the discrete-time observer design problem
when the dynamics of the system contain such nonlinearities is
presented in [11], which is the starting point of our paper. From
the structural point of view, we consider a similar model to
the one in [11]. There, the models used are Linear Parameter
Varying (LPV), which are in direct analogy to the Takagi-
Sugeno (TS) fuzzy models that we consider.

Specifically, we present in this paper nonlinear observer
design approaches for a class of nonlinear systems represented
as TS models with nonscalar-input nonlinear consequents. We
provide the following improvements compared to the results
in [11].

First, we decouple the direct dependency of the observer
gains on the Lyapunov function by adding an extra degree of
freedom with a non-symmetric fuzzy matrix, @),. Second, to
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further relax the design conditions, we consider a fuzzy Lya-
punov function instead of a quadratic one. Finally, in [11] the
design conditions in the main theorem are presented as bilinear
matrix inequalities (BMIs). There, two options are presented
to obtain sufficient LMI conditions. In this paper, next to the
two options of [11], we propose an alternative approach to
obtain LMIs. The design conditions in this approach are in
certain cases less restrictive than in the other two approaches.

On the other hand, there are also related works in the
TS fuzzy literature, see e.g. [12], [13], [14], [15], [16]. For
example, in [12] the following Lipschitz condition is used
for observer design: ||¢;(z(k)) — ¢i(Z(k))|| < 0;||Ri(x(k) —
Z(k))||. The above inequality uses the norm of the nonlinearity,
and an upper bound is defined for this norm, while the
present results are based on the mean-value theorem and are
less restrictive. Moreover, our approach handles each state
dependency separately for every nonlinearity, and for each
such state dependency a different upper bound is defined,
which adds flexibility to the design conditions. In [14] the
nonlinear consequents can handle only scalar inputs, while
the present work can tackle multiple inputs in the nonlinear
consequents.

In the sequel, following some notations, the TS fuzzy
system with nonlinear consequents and the estimation problem
are introduced in Section II. Section III presents the main
theoretical results. To highlight the novelty of the paper
two numerical examples are provided in Section IV. Finally,
conclusions and future directions are presented in Section V.

Notations. Let ' = F7 ¢ R"™ ™ be a real symmetric
matrix; /' > 0 and F' < 0 mean that F' is positive definite and
negative definite, respectively. I denotes the identity matrix
and 0 the zero matrix of appropriate dimensions. The symbol

* in a matrix indicates a transposed quantity in the symmetric
T

position, for instance A ;; =\l4 p
A+ AT, and AP x = APAT. The notation bdiag(f1, ..., fm).
where f; € R™ for all ¢« = 1,...,m, stands for the diagonal
matrix, whose diagonal components are fi,..., f,, matrices.
The set Co(z,y) = {dz+ (1—N)y,0 < X < 1} is the convex
hull of {z,y}. The notation e, (i) € R™ refers to a column
vector, which is 0 in every point except the i-th location:

, A+ x =

i—th
=~
en(i)=10...0" 1 0..0]"

n elements




II. PRELIMINARIES AND PROBLEM STATEMENT

The classic discrete-time TS fuzzy model is a convex
combination of linear models, having the form:

-3
)= e

where z(k) € R™ is the state vector, u(k) € R™ is the
control input, y(k) € R™ is the measured output vector, s is
the number of rules, z(k) € R™= is the premise vector, and
hi, I =1, ..., s are nonlinear functions with the property

th )

These nonlinear functions are called the membership func-
tions. Matrices A;, By, and C; represent the [-th local model.
Throughout this paper, the following shorthand notations are
used to represent convex sums of matrix expressions:

Fo=Y k)R, F.qp=)Y hGEk+D)E. ()
=1 =1

Based on this notation, (1) can be rewritten as
z(k+1) =A,x(k) + B,u(k)
y(k) =C.x(k).

z(k+1) )(Aiz(k) + Biu(k))

(D
Cﬂ? )

h, € [O 1]

4)

A. Lemmas and properties

In order to develop our results we will use the following
properties and lemmas.

Property 1 ([17]): Let T and R be matrices of appropriate
dimensions and ranks, with R = RT > 0. Then

~-TTR™'T <-T-T"+R.

Property 2 ([17]): (Schur complement). Let M = MT =

MITI My , with M7y, and May square matrices of appro-
My Mo
priate dimensions. Then:
Moy <0
M<0e {2 - (5)
Mll — M12M22 M12 <0

Lemma 1 ([17]): (Congruence) Given matrix P = PT and
a full column rank matrix (), it holds that
P>0 = QPQT>0.

Estimation and control problems are often defined as triple-
sum negativity problems having the form

zzer = Z Z Z hll hlz

l1=112=113=1

hls(z+)ﬂll213 <0, (6)

with symmetric matrices Fj,;,;, and nonlinear functions 7
satisfying the convex sum property in (2).
Lemma 2 ([18]): Equation (6) is satisfied if the following
conditions hold
Fiiy1, <0
2

jFlllllg + EllQlS + ElelB <07

for all 11,105,153 =1,...;s, [1 # ls.
A useful inequality was presented in [8], which provides a
powerful condition for the LMI problem.

Lemma 3 ([8]): Let X and Y be two given matrices of
appropriate dimensions. Then, for any symmetric positive
definite matrix S of appropriate dimension, the following
inequality holds:

Xy +YTX <

2(X+SY) STHX+85Y). (D

We also use a slightly different form of (7):

1
XY +YTX < (57X +Y) S(5TX 4Y). ®)
For globally Lipschitz functions we use the following lemma.
Lemma 4 ([11]): Let ¢ : R™ — R? be a differentiable
function on R™. Then the following items are equivalent:
e ¢ is globally Lipschitz
o there exist finite scalar constants a;; and b;;, so that for
all v,r € R” there exist ¢; € Co(v,7), §; A v, £ 7
and functions ;; : R" — R satisfying the following:

r) = Z Z¢ij(§i)Hij(U —r)

i=1 j=1
ai; < i (G) < by

0p; . .
i = ‘%) Hij = eq(i) en()7,

where v, refers to the j-th element in the v vector, and en(i) =
i—th j—th

=~ =~
0..0°1 0..0]", e,(j)=[0...0" 1 0..0]".

n elements q elements

B. Problem statement

The model considered has the following structure:

w(k+1) =Azx(k) + Gy(2(k)) + g(y(k), u(k)) + Ew(k)
©))
where A, and C, have the same meaning as in (1). The
disturbance term is denoted with w(k) € R™», with E and D
the corresponding matrices. The vector g(y(k),u(k)) € R™=
contains the terms that depend on the input and the output.
It is assumed that the premise vector z(k) depends only on
measured states and inputs. The nonlinear terms that depend
on unmeasured states are handled by the nonlinear conse-
quents. The quantity y(x(k)) € R™ contains the nonlinear
consequents. It is an m-dimensional column vector, and the
following can be written:

m Vi
= Gi(Hix(k)),
=1

where 7;(+) is the i-th nonlinear function from the ~(-) vector,
and GG; denotes the i-th column of G. Moreover, H; € R" %"«
where n; denotes the number of inputs of the i-th nonlinearity,

(10)



and v; = H;x(k). The observer we propose has the following
structure:
Bk +1) =A2(k) + > Giva(t) + g(y(k), u(k))
=1

+ Qz_lLZ(y k)

vy=H;w(k)+ K. (y(k)—-C.2(k LZ:Zhl(z(k;))Ll,
=1

Zhl 2= ihl(z(k))l(l
=1 (11

An extra degree of freedom is added via the term @,. It is
assumed that () is globally Lipschitz. Based on Lemma 4
the following can be written:

22 (k)),

k)Qi, K.

G(y(x(k)) - =30 i (G Hij(vi — )
i=1 j=1
_ . 0 (12)
Hij = Gien, ()", ®45(G) = s (G)

aij < @45(¢) < bij,

where v;; denotes the j-th element from the vector v;. Note
that in (12) the G matrix is included in #;;, so a simpler form
is obtained. The model defined in (9) can be reformulated so
that a;; = 0, for all ¢ = 1,...,m, j = 1,...,n;. For more
details on these modifications we refer the reader to [3], [7].
In what follows we denote: ®,; := ®,;(¢;) and we consider
a;; =0, foralli=1,...,m, j =1,...,n;. We denote the error
with e(k) := z(k) — 2(k), and based on (9)-(11) we have the
following error dynamics:

e(k+1)=Azx(k)+Gv( (k))+g(y(k) i(k))+Ew(k)
— Azi(k) — Gy (2(k)) — g(y(k), u(k))
— Q' La(y(k ) Ci(k))
=(A: = Q7' L.CL)e(k)+G (y(x(k)) — y(2(k)))
+ (B — Q7 L. D)uw(k).
(13)
Using (12), we can rewrite
G ()~ ZXZ)%HU %)
-y Z Diy My ((Hi — KioCu)e(k) — Ki-Duw(k) ).

This leads to

e(k+1) (AL-Fii‘I)wHwHK) (k)

=1 j=1

. (14)
—+ <EL + Z Z(I)”H”DK7>U}(]€),
i=1 j=1
where
Ap=A,-QJ'L.C., Hg,=H; - K;.C.,
L Qz K; 2 2 (15)

B, =F - Q;'L.D, Dg, = K;.D.

We consider the following fuzzy Lyapunov function

V(e(k)) := e(k)" Pee(k), (16)
for which the difference across time steps is:
AV :=e(k+1)TP. e(k+1) —e(k)TPe(k).  (17)

We add an H,, performance signal: c(k) = Je(k), p > 0,
and formulate the following criterion:

Wi i= AV +[le(k) 2 — pllw(k)[> < 0. (18)

Now we are ready to present the main results of this paper.

III. MAIN RESULTS

Theorem 1 presents the improvements we provide on Theo-
rem 1 of [11]. Afterwards, Corollaries 1 and 2 give sufficient
LMI conditions to satisfy Theorem 1 following the lines of
conditions in [11], while Theorem 2 provides another approach
to obtain sufficient LMI conditions.

Theorem 1: Consider the error dynamics in (14), and the
H,, performance index formulated in (18). If there exist
matrices P, = P > 0, Q1,, Sij = Sf; > 0, and Ky,,

Ly, fori=1,..,m,j=1,..,n;and l1,l2,l3 =1, ..., s, such
that Lemma 2 holds with
Fyipts = Ml;lzlg [Q”z_”l'xgmb] (19)
where
—P+JT] 0 ATQL - CTLT
M1, = * —ul ETQZT — DTLT
* * —Qi,— 12
(HT CrK Sy
Qity = Wity oo Wiy, ] 5 Wi, = (DTKJ,)Si
QuH

2 2
A=bd1ag(A1, veey Am), Ai :bdlag<bf, ,bI)
il in
S :bdiag(Sl, ...,Sm), S; = bdiag(Sil, ...,Smi),

then the H, performance condition defined in (18) is satisfied.
Proof: By calculating W), along the trajectories of e(k),
we obtain:

Wi = e(B)” [(Ap+1)" Poy (AL 1) P47 J ) e(k)
} w(k)
+2e(k)T [(AL+M) P, (EL—FN)} w(k)

+w(k)” [(B+N) " Ps (AL +N) —

(20)
where

m ng m n;

M= Z Z (I)ininKw N= Z Z (I)inijDKi~

i=1 j=1 i=1 j=1

2

This can be written as

- 4 [



where
g [~PAITT 0
- 0 —ul
(A +M)"
(EL + N)T
Since X < 0 implies Wy < 0, in what follows we consider
only Y. By applying the Schur complement on (22) and using

congruence with bdiag[I I Q.| the following condition is
obtained:

(22)
P, [AL +M Ep +N)]

~P4+JTJ 0 (Ap+M)'QT
* —pl (B +N)'QT|<0. (23

Using Property 1 on QP,, Q7 the following is obtained:

—P4JTI 0 (Ap+M)TQT
* —ul (B +N)TQT | <0 (29
* * 7Qz - Qf + Pz+

Next, by following the steps in the proof of [11] we can
separate (24) as:

-P.+JTJ 0 AT QT
* —ul - ELQT
* * P.—Q,—QT
+ Qz Qz (25)
+ZZ<I>Z-J-< 0 | [Hk, Dg, 0] +x]<0
i=1 j=1 Q:-Hij
We denote
Xi;=1[0 0 H,QT], Y;=[Hk, Dg, 0], (26)

based on Lemma 4 the following inequality holds:

1
XZ;YHrXinlT < §(X¢j+gijyi)TSi_jl (Xi+Si5Ys) @27
Since 0 < @;; < by, see (12), (25) holds if:
—P.4+JT] 0 AT QT
* —ul BT QT
* *  Py—Q.—QT
mo n; T 2 —1
+ ;; (X448 Y;) (I)WS”) (X4 +Si;Y;) <0

(28)
Next, by applying the Schur complement on (28) the fol-
lowing is obtained:

_Mzzer [le sz]
| * —AS <0
r T TOT TrT
-P,+J'J 0 A,Q,—-C.L; (29)
Mzzz+ = * _:u’I ETQZ - DTLZ
L * * Pz+_Qz_QZ
By applying Lemma 2 we obtain (19). ]

To highlight the advantages of the presented approach, first we
focus on X;; in (26). In [11] the term X;; depends on HZTJ PT,
where P must be a positive definite symmetric matrix, and H,;;
is a n, X m; matrix, in which the j-th column is G; and the

rest of the columns are 0. Since P has to be symmetric, the
X;; term makes the design conditions restrictive.

This restrictive form is relaxed in our design. We use a
non-symmetric fuzzy matrix Q. = >.,_, hi(z(k))Q;, which
introduces unconstrained decision variables in Xj;;. Matrix @),
also helps in M., in (29), since the observer is completely
decoupled from the Lyapunov function, while in Theorem 2 in
[11] the observer gains are computed as L, = P~'X,, where
is P is from the Lyapunov function.

On the other hand, in the Lyapunov synthesis, instead
of the quadratic Lyapunov function e(k)” Pe(k) we use a
fuzzy Lyapunov function, having the form: e (k)P.e(k).
This makes the design conditions less restrictive, see [19].
In Theorem 1, if we take a quadratic Lyapunov function, so
P, =Pforalll=1,...,s, and constant ), with Q = P, then
we obtain Theorem 2 of [11]. We can conclude that the design
condition presented in Theorem 2 of [11] is a special case of
Theorem 1.

Although the conditions defined in (19) are less restrictive
than those in Theorem 2 in [11], they are still bilinear due
to the terms K;;,S;; for all i = 1,....m, j = 1,...,n;. The
change of variables, like X' = Kj;,S;;, is not possible since
S;; depends on both 4 and j. Two solutions are proposed in
[11] to obtain sufficient LMI conditions in form of corollaries.
The first corollary imposes S;; = S;, so that a variable change
can be used: Y, = K ZT S;, while the second corollary considers
K; = 0. In what follows we also formulate two corollaries for
the options mentioned above.

Corollary 1: Consider the error dynamics in (14), and the
H,, performance index formulated in (18). If there exist
matrices P, = P1 >0, Q1,, S; = 8] > 0, and Vi, Ly,, for
i=1,...,m and l1,ls,l3 = 1, ..., s, such that Lemma 2 holds
with (19), where

——

uzs

(30)

then the H, performance condition defined in (18) is satisfied,
and the observer gains can be recovered from K;;, = S; ! -
Proof: The proof is the same as that of Theorem 1. W
Corollary 2: Consider the error dynamics in (14), and the
H,, performance index formulated in (18). If there exist
matrices P, = P >0, Qi,, Sij =S[; >0, fori =1,...,m,
j=1,...,n; and l1,l2,l3 =1, ..., s, such that Lemma 2 holds
with (19), then the H, performance condition defined in (18)
is satisfied.
Proof: The proof is as above with K;;, = 0. [ |

Next, we provide a novel approach as an alternative to obtain
sufficient LMI conditions.

Theorem 2: Consider the error dynamics in (14), and the
H,, performance index formulated in (18). If there exist
matrices P, = qu; >0, Qu,, Sij = S;fg- > 0, where the j-th

j—th
column of S;; is [0...0 ’&i? 0...0]", with constants «;;, and

n; elements
KUQ, le, fori = 17 ...,m,j = 1, ey N and ll,lg,lg = 1, ey S,
such that Lemma 2 holds with

Ml1l2l3 [Quz lez]
*

—AS

E112l3 - (31)



~-P,+JTT 0 A?;le CE i
My, 1,0, * —ul ETQZZ; — DTL;";
* * —Q12 -Q
- CFKY,
Qi = My o Wy, |, Ty = DTK?z;
a;jQi,H

A=bdiag(A1,...,An), Ai:bdiag<2l, ...,2I>
bi1 bin,
S :bdlag(Sl, ceey Sm)7 Sz = bdlag(Sﬂ, ceey Sznl)y
(32)
then the H,., performance condition in (18) is satisfied.
Proof: We follow the line of the proof of Theorem 1,
equations (20)-(26). After that, we consider inequality (8), and
the following is obtained:

1~ SO
XLY;+X;; Y] < §(S;jlxij+yi)TSij (S;;'Xi+Y;). (33)
which leads to
—P.+JTJ 0 AT QT
* -pl - ELQT
* *  P—Q.-Q7
m T, 2 —1
-1 &1 &1
+ 0 (85X +Y) (b_sij ) (S;'Xi;+Y:) <0
i=1 j=1 v
- (34)
We denote S;; := S{jl. Now we examine
Si;Xi;+Yi = [Hrx, Dk, SiH;QT] 35)

T which can be written as
N\ AT AT
Sijen, (1)G; Q>

where the multiplication of S;jen,(j) results in the j-th
column of S;;. The j-th column is a;je,, (j), and the following
is obtained:

The bilinear term is SUH-T-

SijH,QF = (36)

—P.+JTJ 0 AT QT
* —ul ELQT
* * Per_Qz_QZ
HT

m 25\
+ZZ Dk, ( bijj> [Hx, D, HijQ7 i) <0

i=1 j=1
! aijQz ij
(37
Using the Schur complement, we obtain:
Mzzz+ [le sz}
[ } —as | <0
HT —CTKT]  (38)
Qiz = [Hilz . Hznlz] 5 Hijz = DTKZ; ’
aijQZHij
and the rest of the elements are as in Theorem 1. Sufficient
LMI conditions are obtained applying Lemma 2. [ |

The main advantage of Theorem 2 is that even if it imposes
a restrictive structure, still every #,;; term has a corresponding

S;; matrix, and not a single S; for all the j-s like in Corol-
lary 1. If we have a good initial guess for the parameters
«j;, the problem becomes a simple LMI. On the other hand,
if we have many o,; parameters the problem can become
computationally intractable.

IV. COMPARISON WITH THE STATE OF THE ART

In order to highlight the advantages obtained by our ap-
proach, we compare Corollary 1 and 2 from [11] with our
approaches presented in Corollary 1 and 2, and Theorem 2 on
a numerical example.

Example 1: Consider model (9) with two local models and
the following matrices:

A= [1 0.008} Ay [1

0 0.29

0.008 0
0 0.96}’ G_{O.J

1 0 0
c=[1 0], H:[O 1], E:[OJ, D =10.02,
(39)

Moreover, g(y(k), u(k)) = 0 and we consider one nonlinearity
denoted with v and it fulfills (12) with a1; = a12 =0, b12 =
0.5. This example is simple enough so standard LMI solvers
can easily handle, but has a nonlinearity that depends on two
states, so approaches in [20], [3], [4] are not suitable to handle
1t.

We study the minimum p what we can obtain based on
b11. To solve the LMI problem, the sedumi solver is used
in the Yalmip framework. To fit in the framework of the
linear parameter varying models used in [11], we consider the
parameter p € [0.03 0.7], and matrices

1 0.008 0 0

Ao = {0 0.99] A=l 4]

The results obtained are presented in Table 1. It can be seen
that Corollaries 1-2 outperform the corollaries presented in
[11] in term of the minimum value of x. The best results are
obtained with Theorem 2, but with the added computational
complexity of finding a suitable «;; and «j2. Regarding
the computational complexity of solving the LMI conditions,
according to [17], page 18, a realistic approximation of the
numerical complexity using the interior-point method used by
sedumi is O(NZ'N?), where Ny is the number of scalar
decision variables and NN; is the row size of the LMI problem.
For the conditions in Corollary 1 we have N; = 25, for
Corollary 2 this value is Ny = 24, and for Theorem 2 we
have Ny = 24, and for all the cases N; = 56.

TABLE I
MINIMUM VALUE OF p FOR EXAMPLE 1

b11 | Cor. 1 [11] | Cor. 2 [11] Cor. 1 Cor. 2 | Theo. 2
2 1.0203 0.8754 0.8263 | 0.6544 | 0.5642
2.2 1.0581 0.9022 0.8517 | 0.6738 | 0.5644
2.4 1.0954 0.9287 0.8768 | 0.6931 0.5646
2.6 1.1324 0.9551 0.9019 | 0.7122 | 0.5648
2.8 1.1690 0.9814 0.9270 | 0.7314 | 0.5650
3 1.2053 1.0077 0.9520 | 0.7505 | 0.5652

To show the advantage of using the fuzzy (), matrix we
provide another example dedicated only to this purpose.



Example 2: We use (9) with the following matrices:

1 00 0 10 0 0
01:03[0 0 1 0}’0204{0 0 w 0}

1 0001 0 0 ] 1 =2

01 02 01 0.3 -4 7
A=A, = 0 0 1 0.001 , G= 3 -1 40)

0.1 —03 02 wy | ~12 9

(1 0.001 0 0

01 02 01 03
Ads=Aa=1"0" 0 1 00|

0.1 —0.3 02 1.1 |

where wy and wy are two parameters. We consider the follow-
ing two cases:

1.) Corollary 1 with P, = P, (Q, = P, equivalent to [11].
2.) Corollary 1 with P, = P.

We vary the values of w; and wsy in the range w; =
[0.8, 2.2] and wy = [—0.2, 1.2], and we look for feasible
solutions with respect to the matrices in (40). The results
obtained can be seen on Fig. 1. We can see that a much wider
range of systems can be handled by adding the extra degree
of freedom with Q.
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Fig. 1. ’’-Corollary 1 with P, = P, Q. = P, ’0o’-Corollary 1 with P, = P

V. CONCLUSIONS AND FUTURE WORK

This paper presented a novel approach to observer design for
discrete-time nonlinear systems with nonlinear consequents.
The design exploits the TS fuzzy framework together with
globally Lipschitz nonlinearities. An H,, performance index
was used, and the conditions were formulated so that the effect
of the disturbance was minimised. To highlight the novelty of
the paper two examples were presented.

There are many future directions, among which we will
focus on extending this work to observer-based controller
design. On the other hand we plan to consider a wider range
of models, for example by considering fuzzy terms also for
the G’ matrix.
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