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Abstract—This paper presents a relaxed approach for
stabilization and H,, disturbance rejection of continuous-time
Takagi-Sugeno models in descriptor form. Based on Finsler's
Lemma, the control law can be conveniently decoupled from a
non-quadratic Lyapunov function. These developments include
and outperform previous results on the same subject while
preserving the advantage of being expressed as linear matrix
inequalities. Two examples are presented to illustrate the
improvements.
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I. INTRODUCTION

Takagi-Sugeno (TS) models [1] have been intensively used
for analysis and controller synthesis because of their convex
structure which facilitates dealing with highly nonlinear
characteristics while allowing the direct Lyapunov method to
be employed for controller design [2]. Via the sector
nonlinearity approach [3], TS models can exactly represent a
nonlinear system in a compact set of the state space as a
collection of linear models blended together by nonlinear
membership functions (MFs) which hold the convex-sum
property [2]. This structure permits stability analysis of TS
models via common quadratic Lyapunov functions [4] and
controller synthesis via parallel distributed compensation
(PDC) control laws [5]. Since results are expressed as linear
matrix inequalities (LMIs), many performance requirements
can be naturally incorporated [6] and efficiently solved via
interior-point methods [7]).

The aforementioned framework has been extended to the
wider class of TS models in the descriptor form [8, 9]. This
structure is particularly suitable to deal with mechanical models
whose equations are naturally written with left-hand side
nonlinearities [10]. Moreover, the descriptor form may lead to
a significant reduction in the number of MFs involved in the
TS model, thus alleviating the computational burden derived
from the number of LMI conditions arising in analysis and
controller design.
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The use of common quadratic Lyapunov functions
produces only sufficient conditions in the TS framework; thus,
a number of efforts have been made in the last decade to
overcome this source of conservativeness. Different types of
Lyapunov functions have been tried: piecewise [11], path-
independent integral [12] and fuzzy-like [13,14]. All of these
choices have been combined with different ways to obtain pure
LMI expressions; they are usually referred to as sum
relaxations [15, 16, 17]. Both the choice of the Lyapunov
function and sum relaxations have been used for TS models in
the descriptor form to obtain progressively better and more
general results [18, 19, 20].

In recent works, the well-known Finsler’s Lemma has been
used to obtain more relaxed conditions in the form of
parameter-dependent LMIs, thus producing important
generalizations even within the quadratic framework [21, 22].
This paper proposes a way to outperform existing non-
quadratic results on stabilization for TS descriptor models [3,
18] with the help of Finsler's Lemma which decouples the
control law from the Lyapunov function.

The contents are organized as follows: Section 2 introduces
the TS descriptor model, the Lyapunov function and the control
law this work is based on; Section 3 provides the main result on
stabilization and H_ performance design based on Finsler's
Lemma; Section 4 illustrates the improvements with two
examples; Section 5 provides some concluding remarks to
close this paper.

II. TS DESCRITOR FORM

Consider the following nonlinear model in the descriptor
form:

where x(z)e R" is the state vector, u(7)e R" the control
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input, y(7)e R” the output vector, and w(¢)e R? a vector of

C(x(1)

D(x(t)) are matrices of appropriate size while E (x(t)) is a

external disturbances; A(x(t)) , B(x(t)) ,

regular matrix of appropriate size.

Let the p nonlinearities in (1) be bounded as

nll()e [n_lj,nljJ , j€{L...p} in a compact set of the state

space. Applying the sector nonlinearity approach [2], the
described nonlinearities are captured via the following
weighting functions

. nl, (-)=nl, ; ;
o ()= o ()=1-a[(). jellp} @
nlj—n_l,
and the MFs as

h, = / (z,) (3)

The MFs hold the convex-sum property » /4 (-)=1, h (-)=0
i=1

in a compact set of the state variables and » =27 is the number

of rules. It is assumed that the MFs depend on the premise

variables z (1) = [zl (x(2)) z, (x(t))] , which are known.

A shorthand notation will be used in the sequel to represent
convex sums of matrix expressions: Y, = zr hY, for single

i=1 11
1 r -1 .
convex sums, 1, =( o hiYi) for the inverse of a convex

sum, and Y, = Z;lz;:l hh, Y, for a double nested convex

sum. Indices may change to v if the respective MF is v, . An
asterisk (*) will be used in matrix expressions to denote the

transpose of the symmetric element; for in-line expressions it
will denote the transpose of the terms on its left side.
Arguments will be omitted when convenient.

The nonlinear system (1) can be rewritten as the following
TS descriptor model:

E x(t)= A,x(t)+Bu(t)+D,w(t)

v

»(1)=Cox(r) | @

where Y, = ihi (z(1))Y,

i
i=1

h(z(¢))20, ie{l,...,r} and v, (z(1))20, ke{l,...r}

i

being MFs. The sets (4,,B,,C,,D,) and E, represent the i-th

and Ev=ivk(z(t))Ek . with
k=1

linear right-side model and the &-th linear left-side model of the
TS descriptor model.

Let X (¢) = {x(t)} 5o (4) can be written as:

x(t)

= |1
with E =

o

and C, =[C, 0].

Consider the following control law:

u(t)=[K,, OJY,.¥ () =K, Y, (r), (6)

hv v

with K, , Y, , i,je{l,...r} , ke{l,..,
matrices of proper size. Moreover Y,, has a special structure
Y, _|:Ylhv }]2hvi|
hhy — .
YShh Y4hh
Remark 1: (6) corresponds to a new control since
classically the matrix inverted is always the one used for the
Lyapunov function. Therefore, (6) allows new structure of
control law that is more flexible and less conservative. It

corresponds to “decouple” the Lyapunov function from the
control. In this context, the special structure of Y, is

hhv

r,} being gain

explained through a non increase of LMI constraints, see (14)
for example.

Substituting (6) in (5) and properly grouping terms yields
the following closed-loop model

x
[Zhv +§h]?thh;rlv -1 EJ Ex |= 0; y(t) = (_fh)_c(t). (7

=

Consider the following Lyapunov function candidate [9,
18]:

V(X)=X"ER,%; ER, =F,E, ®)
. })1 0 —1 Xl 0
Wlth I)hhv = ’ Phhv = Xhhv = ’
IJ}hhv Blhhv X}hhv X4hhv
Xl = 13171 4 X4hhv = B;hlhv > X3hhv = _})47/11/1\2133/1/1\}1)171 ’ and

P =P" >0. As it will become apparent later, P, is chosen as

a constant matrix to prevent the time-derivatives of the MFs
from emerging in the following developments [18].



In order to drop off the MFs of double convex sums to
obtain LMI conditions, the following relaxation scheme will be
employed. This is a good compromise between effectiveness
and computational complexity:

Relaxation Lemma [17]: Let Y'fj be matrices of proper

dimensions. Then >3 Ay, Y4 <0 holds if

i=1l j=l k=1

Yi<0 Vi

©)
2 Y Yt <0, i
7'—1 ii ij Ji

for i,je{l,....,r}, ke{l....r}.

Finsler’s Lemma [23]: Let xe R", 0=0" e R™, and
Re R™" such that rank(R)<n ; the following expressions
are equivalent:

a) x'Ox<0, Vxe{xe R":xiO,szO}

b) I e R™ : 0+ XR+R" X" <0.

III. MAIN RESULT

A. Stabilization

Theorem 1: The TS descriptor model (4) with w(7)=0
under control law (6) is asymptotically stable if, for a given

£>0, there exist matrices Rjk R ijk R Kjk s i,je{l,...,r} R

ke{l,...,r,} asdefined in (6) and (8), such that (9) holds with
.| A+ BE, () (*) (10)
DX e(A Y+ BK )Ry —e(By+By)

Proof: Consider the following inequality which guarantees

V(x(1))<0:
BN

which already takes into account the fact that EP,' =0,

In

together with equation (7) with w(#)=0. Via Finsler’s Lemma

the following inequality guarantees ¥ (X(f))<0 under
restriction (7):

T U — —_ —
{0 XH hm}[Am+Bh1<hvm ~1]+(x)<0. (1)
X, 0 hhy

where U, , V., i,je{l,....r}, ke {l,...,r,} are new matrix
variables of adequate size to be chosen later.

T

Y 0
Multiplying by { ’(’;’V } on the left-hand side and by its

hhv

Y, 0
transpose [ }g" pr } on the right-hand side of (12), gives

hhv

-PT |+(%)<0,
Y O P V hhv:l ()

hhv hhv" hhv

0 Yo | | YU lr= —
|: " :|+|: " " :||:Athhhv +BhKhv

(13)

which after the suitable choice of U,,, =Y,/ and V,, =¢€P,. ,
£ >0 renders (13) as:

[ Zth;qhv +§hEhv (*) (*)

+
o <0 (14)
Y;':hv +€(Athhhv +BhKhv)_})hhv _S(Phhv +E;};v )]

Applying the Relaxation Lemma to (14) ends the proof. o

Remark 2: Conditions in (10) are LMIs up to the selection
of ¢ . Prefixing this sort of parameter has been a common
practice among the LPV community in recent years [21, 22,
23] since it allows searching for a feasible solution in a

logarithmically spaced family of values €€ {1076, 107 ,...,106}

which avoids an exhaustive linear search.
B. H,, Performance

A system performs disturbance attenuation y >0 if

@,

ol wo [w@)f),

(15)

where

, stands for the ¢, norm [2]. The following well-
known condition guarantees (15):

V(x(0)+y Oy 7w @Owi) <0, Vx  (16)
Theorem 2: The TS descriptor model (4) under control law
(6) is asymptotically stable and ensures disturbance attenuation

y>0 for the H_ criterion (16) if, for a given £ >0, there
exist matrices P, , Y, , K, , i,je{l,....,r}, ke{l,...,r,} as

defined in (6) and (8), such that (9) holds with



(17)
P10

0 0 -7

Proof: From the definition of the Lyapunov function
candidate (7) it is clear that V(X ())>0 everywhere, except

possibly in the origin. Then condition (16) can be rewritten as

V()_c)+yTy—7/szw
=X"EX, X+X X} Ex+X"C/C,x—yw'w

T

x 6}?611 X}{hv 0 x
=|Ex|| X, O 0 |[Ex|<0 (18)
w 0 0 I w

Via Finsler’s Lemma the following inequality guarantees
(18) under restriction (7):

5hT Eh X hTh v 0

X 0 0
0 0 —-yI
4 19)
Uhhv _ o _
+ thv |:Ahv +BhKthh;11' _[ Dh:|+(*) < 0
I/thv

where U, , V. Wy, i,je{l,....r}, ke {l,...,r,} are matrix
variables to be chosen later.
Yy 00
Multiplying (19) by | 0 P, 0| on the left-hand side

0 0 I
and by its transpose on the right-hand side, gives

v/C/CY, Y, 0

Yhhv 0 O
0 0 T
. (20)
Yhthhhv _ o _
+ B’lhvl/hhv I:Athhhv + BhKhv _Etz};v Dh :| + (*) < O’
[Whhv

which after choosing U,, =Y, and V,, =€P,. , W, =0,
£ >0 renders (20) as:

YICGY, Y, 0
Yhhv 0 0
0 0 I
_ — 21)
Athhhv +BhKhv +(*) (*) (*)
+ 5(Ath/mv +BhKhv)_Phhv _5(Phhv +1:)h€rv) (*) <0
D] eD] 0
Finally, applying Schur complement yields
_Zthhhv +§hEhv +(*) (*) (*) (*)_
Yhhv +é& ( Zth;qhv
-¢(P,, + P, ®) o (*
+ Ehihv ) i ( " th) ( ) ( ) <0 (22
D} eD] -1 0
i C\Y, 0 0 -I]

Applying the Relaxation Lemma to (22) ends the proof.o

IV. EXAMPLES

A. Example 1.
Consider a TS fuzzy model (4) with r=r, =2 and

. -43 438 a 2 5.6
matrices 4, = , A, = , B = ,
-1.7 1 4.7 -2.8 0.9
8.1 0.84a 0.0 0.8 0.7
B2 = , E’1 = , and EZ =
b 0.21+56 0.03 0.5 0.68
with ae [-7 4] and be [0.4 2] parameters.

Fig. 1 shows the feasibility region for several values of a
and b employing Theorem 1 in [18] (O) and Theorem 1 in this
work (x).

2 ® Q® ®®

®® ®Q ®®

1.8¢ X®® 18 ®8 8 ®

X X X XQ®0® 1 ® ® ® &
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X X X X X X X XXX XXXXB®Q 111 ] ®

o 1.2¢ X X X X X X XX XXXXXQ3Q® QR 1

X X X X X X X X XX XQ0 8 11 ) &
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X X X X X X X Q000111

0.8F X X X X X XQ0®0® Q8 Q1
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Fig. 1. Feasibility region in Example 1.



25

Y
’
J/
-

N
T

|
|
e
|
|
|
|
|
|
|
|
|
|
|
|
I
|
|
|
|
!
|
|
|
|
iy
|

States

Fig. 2. Simulation results for Example 1.

Note that taking a =—-3 and b =1 there is no solution for
Theorem 1 of [18], but employing Theorem 1 a stabilizing
controller was found with £=1 and the following values:

1.89 6.93 4277 4577
Pl = 5 K11 = 5 Klz = >
6.93 30.02 -17.10 -19.38
6337 6.78 1
K, = ,and K,, = .
24.22 27.14

Fig. 2 shows the state evolution in Example 1 with initial
conditions x(0) =[0.5 —0.7] for a=-3 and h=1.

B. Example 2.
Consider a TS fuzzy model as in (4) with » =r, =2 and

. 44 2 -42 2
matrices as follows 4, = , 4, = )
-4.1 -35 -47 -2.8

B1={0.6+a}’ B2=[6.3} CC=[l o], C=[0 1] .

0.6 0.6

1 1 03 0.6 09 04
D=\ |,D,=| |, E= ,and E, = ,

1 1 02 09 0 0.1
with the parameter ae [-8 -2].

The optimal value for y* is computed since y° is not

multiplied by any decision variables. In Fig. 3, it is shown
results using Theorem 2 and [18].

V. CONCLUSIONS

In this work, a new scheme for non-quadratic stabilization
for continuous-time TS descriptors models has been presented.
This scheme is based on Finsler’s Lemma, which allows
decoupling the Lyapunov function and the controller, thus
providing additional flexibility to the design. Moreover, a H,,
performance based on the same lines is presented. Two
examples are included to show the effectiveness of the present
approach.

o Theorem 2
100} + + NQ
80 e,
+ . . .
o 60+ ta, .
40+ T Yy .
20+
o°°°oooOOQOQQQQQQQomoooomooooo
-8 -7 -6 -5 -4 -3 -2
a

Fig. 3. H. optimal values in Example 2.
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