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Abstract— In this paper, two nonlinear state estimation methods, Takagi-Sugeno fuzzy observer and extended-Kalman filter
are compared in terms of their ability to reliably estimate
the velocity and an unknown, variable payload of a nonlinear
servo system. Using the system dynamics and a position
measurement, the velocity and unknown payload are estimated.
In a simulation study, the servo system is excited with a
randomly generated step input. In real-time experiments, the
estimation is performed under feedback-linearizing control. The
performance of the TS fuzzy payload estimator is discussed
with respect to the choice of the desired convergence rate. The
application results show that the Takagi-Sugeno fuzzy observer
provides better performance than the extended-Kalman filter
with robust and less parameter dependent structure.

I. I NTRODUCTION
The knowledge of the evolution of the states of nonlinear
systems is essential for monitoring, feedback control and
decision making. However, in general, some states cannot be
measured due the lack of sensors. State observers have first
been introduced for linear systems [1], and later developed
for nonlinear systems [2]. To design an observer for a
nonlinear system, the system has to be described in a statespace form. Takagi-Sugeno (TS) fuzzy systems [3] provide a
generic nonlinear state-space model that can approximate any
nonlinear system on a compact set with an arbitrary accuracy.
A given nonlinear system can be represented or approximated
by TS fuzzy systems using dynamic linearization [4], sector
nonlinearity approach [5] or substitution [6]. Stability and
by an extension, observer design conditions for TS fuzzy
systems, rely on linear matrix inequalities (LMIs) [7], [8].
Some of the observers used to estimate the states of TS
fuzzy systems are fuzzy Thau-Luenberger observers [9], [10],
[11], sliding mode observers [12], [13] and adaptive fuzzy
observer [14]. By using the observers, the unmeasurable
states can be estimated, analyzed and used for the control
of nonlinear systems.
Several methods have been developed in the literature to
estimate the unknown payload of robot manipulators and
other mechatronic systems. Off-line trained fuzzy or neural
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systems have been designed in [15], [16]. However, these
payload estimators have a large number of parameters, which
are trained using the recorded position, velocity and known
payload information. In order to implement these approaches
in a real time application, the correct position and velocity
information is needed, which cannot be measured for all
systems. In [17], an adaptive system based on the prediction
error minimization is proposed that estimates the correct
payload online, but again the measured velocity is needed. In
[18], a neural network model is trained off-line with a large
data-set and a Kalman filter is used to online estimation of
the payload. The estimated payload has been used in [15],
[16] to improve the control performance of the manipulator.
In the present paper, an estimator of an unknown and variable payload in a nonlinear servo system has been developed
by using extended-Kalman filter (EKF) and Takagi-Sugeno
fuzzy observer (TSFO).
The rest of the paper is organized as follows. The TakagiSugeno fuzzy modeling and observer design are explained
in Section II. A brief introduction of the extended-Kalman
filter is given in Section III. To estimate the payload, the
specific TS fuzzy observer and EKF designs are given in
Sections IV-A and IV-B respectively. Section V presents
simulation results for random input excitation. Real-time
estimation results are given in Section VI for the situation
when the servo system is controlled by using feedbacklinearizing control. Finally, Section VII concludes the paper.
II. TAKAGI -S UGENO FUZZY OBSERVER DESIGN
A. TS fuzzy system modeling
In order to design a TS fuzzy observer, the nonlinear
system under study is first represented as a TS fuzzy model.
One possibility to construct the TS model is by using the
sector nonlinearity approach [5]. This approach gives the TS
model as an exact representation of an input-affine nonlinear
system of the form
ẋ = A(x)x + B(x)u + a(x),
y = C(x)x + c(x),

defined on a compact set. The TS fuzzy model has the
following form
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(1)

y=

𝑀
∑
𝑖=1
𝑀
∑
𝑖=1

ℎ𝑖 (z)(A𝑖 x + B𝑖 u + a𝑖 ),
(2)
ℎ𝑖 (z)(C𝑖 x + c𝑖 ),

where x is the state vector, y is the output vector, u is the
known input vector, A𝑖 , B𝑖 and C𝑖 are the local matrices,
and a𝑖 and c𝑖 are the local affine terms. The scheduling
vector z is constructed using the nonlinear terms in (1).
The nonlinear terms in (1) are defined as the scheduling
variable 𝑧𝑗 (⋅) ∈ [𝑛𝑙𝑗 , 𝑛𝑙𝑗 ], 𝑗 = 1, 2, ..., 𝑝, where 𝑛𝑙𝑗 and
𝑛𝑙𝑗 are the minimum and maximum values of the 𝑗th
scheduling variable’s domain. Using the 𝑛𝑙𝑗 and 𝑛𝑙𝑗 values,
two weighting functions are defined for each nonlinearity as
𝑤0𝑗 (⋅) =

𝑛𝑙𝑗 − 𝑧𝑗 (⋅)
𝑛𝑙𝑗 − 𝑛𝑙𝑗

𝑤1𝑗 (⋅) = 1 − 𝑤0𝑗 (⋅)

𝑗 = 1, 2, ..., 𝑝.

(3)
Each scheduling variable 𝑧𝑗 (⋅), 𝑗 = 1, 2, ..., 𝑝 is then written
as the weighted sum of the minimum and maximum values
as 𝑧𝑗 (⋅) = 𝑛𝑙𝑗 𝑤0𝑗 (⋅) + 𝑛𝑙𝑗 𝑤1𝑗 (⋅), where 𝑤0𝑗 (⋅) ≥ 0, 𝑤1𝑗 (⋅) ≥ 0
and 𝑤0𝑗 (⋅) + 𝑤1𝑗 (⋅) = 1.
In general, using 𝑝 scheduling variables, the fuzzy rule
base is written as:
Rule i:
𝑖𝑓 𝑧1 𝑖𝑠 𝑍1𝑖 𝑎𝑛𝑑 ... 𝑎𝑛𝑑 𝑧𝑝 𝑖𝑠 𝑍𝑝𝑖 𝑡ℎ𝑒𝑛
ẋ = A𝑖 x + B𝑖 u + a𝑖
y = C𝑖 x + c𝑖

(4)

where 𝑍𝑗𝑖 , 𝑖 = 1, 2, ..., 𝑚, 𝑗 = 1, 2, ..., 𝑝 are given by the
weighting functions. Therefore, the TS fuzzy system has
𝑀 = 2𝑝 rules. The 𝑖th membership function of the TS
fuzzy system is calculated by the product of the weighting
functions as
𝑝
∏
𝑤𝑖𝑗 (𝑧𝑗 ),
ℎ𝑖 (z) =
(5)
𝑗=1

where 𝑤𝑖𝑗 (𝑧) represents the 𝑖th rule 𝑗th scheduling variable
weighting function, that can be one of the values of 𝑤0𝑗 (⋅) and
𝑤1𝑗 (⋅) depending on which one is used in the corresponding
rule. The A𝑖 , B𝑖 , C𝑖 , a𝑖 , c𝑖 terms in (2) are constructed by
using the corresponding combinations of the maximum and
minimum values of the nonlinearities.
B. TS fuzzy observer design
The conditions for observer design for a given TS fuzzy
model are in general extensions of stability conditions for
autonomous TS fuzzy models. For an autonomous TS fuzzy
system, conditions for the stability of the origin are given in
Theorem 1.
Theorem 1:
[7] The equilibrium x = 0 of the fuzzy
∑𝑀
system ẋ = 𝑖=1 ℎ𝑖 (z)A𝑖 x is asymptotically stable, if there
exists 𝑃 = 𝑃 𝑇 > 0 such that
A𝑇𝑖 P + PA𝑖 < 0

(6)

for 𝑖 = 1, 2, . . . , 𝑀 .
The existence of the common P matrix can be tested by
solving linear matrix inequalities [9].
The so-called “Thau-Luenberger fuzzy observer” [10] has
been frequently used for the state estimation of nonlinear
systems [13], [19], [20]. In general, the scheduling vector z

may be composed of the system’s states, inputs, or measurements. In this research, we assume that z is measured. Then,
the TS fuzzy observer has the form
x̂˙ =
ŷ =

𝑀
∑
𝑖=1
𝑀
∑

ℎ𝑖 (z)(A𝑖 x̂ + B𝑖 𝑢 + a𝑖 + 𝐿𝑖 (y − ŷ)),
(7)
ℎ𝑖 (z)(C𝑖 x̂ + c𝑖 ).

𝑖=1

where the L𝑖 , 𝑖 = 1, 2, . . . , 𝑀 , are the observer gains. The
pairs (A𝑖 , C𝑖 ) are assumed to be observable. The aim of the
observer is to estimate the states of (2), which is achieved if
the error dynamics ê˙ = ẋ − x̂˙ are asymptotically stable. The
error dynamics can be written as
ê˙ =

𝑀
𝑀 ∑
∑

ℎ𝑖 (z)ℎ𝑗 (z)(A𝑖 − L𝑖 C𝑗 )ê.

(8)

𝑖=1 𝑗=1

The stability conditions are given in Theorem 2.
Theorem 2: [7] The error dynamics (8) are asymptotically
stable, if there exist P = P𝑇 > 0, 𝐿𝑖 , 𝑖 = 1, 2, . . . , 𝑀 , such
that
ℋ(P(A𝑖 − L𝑖 C𝑖 )) < 0,
ℋ(G𝑖𝑗 + G𝑗𝑖 ) ≤ 0,
G𝑖𝑗 = P(A𝑖 − L𝑖 C𝑗 ),

(9)

for all pairs of (𝑖, 𝑗), 𝑖 = 1, 2, . . . , 𝑀 , 𝑗 = 1, 2, . . . , 𝑀 , for
which there exists z such that ℎ𝑖 (z)ℎ𝑗 (z) ∕= 0. The symbol
ℋ denotes the Hermitian defined as ℋ(A) = A + A𝑇 .
The error dynamics of the TS observer (8) can be designed
with a desired convergence rate 𝛼 > 0 using Theorem 3.
Theorem 3: [7] The convergence rate of the error dynamics (8) is at least 𝛼, if there exist P = P𝑇 > 0, 𝐿𝑖 ,
𝑖 = 1, 2, ..., 𝑀 , such that
ℋ(P(A𝑖 − L𝑖 C𝑖 )) + 2𝛼P < 0,
ℋ(G𝑖𝑗 + G𝑗𝑖 ) + 4𝛼P ≤ 0,
G𝑖𝑗 = P(A𝑖 − L𝑖 C𝑗 ),

(10)

for all pairs of (𝑖, 𝑗), 𝑖 = 1, 2, . . . , 𝑀 , 𝑗 = 1, 2, . . . , 𝑀 , for
which there exists z such that ℎ𝑖 (z)ℎ𝑗 (z) ∕= 0.
III. E XTENDED -K ALMAN F ILTER
The Kalman filter has been introduced as an optimal
filter for linear systems in [21] and used to estimate the
unmeasurable states of the linear systems for a half century
[22]. For the state estimation of nonlinear systems, the
Kalman filter estimate is based on the linearized system, and
the filter is called “extended-Kalman filter” [23]. The Kalman
filter has been also utilized for the parameter estimation in
[24]. The continuous-time extended-Kalman filter dynamics
are summarized as follows [22].
1. The nonlinear system dynamics are
ẋ = f(x, u, 𝑤),
y = h(x, 𝑣),
𝑤 ∼ 𝒩 (0, Q),
𝑣 ∼ 𝒩 (0, R),

(11)

where 𝑓 (.) and 𝑔(.) are nonlinear functions, x is the system
state and u is the input. In (11), 𝑣 and 𝑤 are normally
distributed state and measurement noises, respectively, with
Q and R the corresponding covariance matrices.
2. The linearized dynamics around the current estimate are
∂f(x)
∣x=x̂ ,
F=
∂x
∂f(x)
∣x=x̂ ,
N=
∂𝑤
(12)
∂h(x)
∣x=x̂ ,
H=
∂x
∂h(x)
∣x=x̂ .
M=
∂𝑣
3. The following matrices will be used for update:
Q𝑐 = NQN𝑇 ,
R𝑐 = MRM𝑇 .
4. The extended-Kalman filter update equations are
x̂˙ = f(x̂, u, 𝑤) + K[y − h(x̂, 𝑣)],
𝑇

K = ΓH

R−1
𝑐 ,
𝑇

Γ̇ = FΓ + ΓF + Q𝑐 − ΓH𝑇 R−1
𝑐 HΓ,

(13)

where 𝑥1 is the angular position of the payload measured
in radians from the vertical and 𝑥2 is the angular velocity
of the payload in rad/sec. The payload 𝑚𝐿 is unknown, but
constant, and it is therefore represented as the third state of
the system, 𝑥3 . The derivative 𝑥˙ 3 = 0, due to the piecewise
constant nature of the payload mass. The parameters are
listed in Table I.
TABLE I
PARAMETERS OF THE SERVO SYSTEM
𝐾𝑚
b
𝑅𝑚
J
g
𝐿𝑚
𝑚𝐿

Electromotive force constant
Damping coefficient (viscous friction)
Electric resistance
Moment of inertia of rotor and disk
Acceleration due to gravity
Payload distance from the center
Payload

A. TS fuzzy observer design for servo system
(14a)
(14b)
(14c)

where K is the Kalman gain matrix and Γ is the error
covariance matrix. The initialization of Γ is based on the
estimated initial states of the system. In (14b) and (14c), the
K and Γ matrices are updated using the linearized system
dynamics (12) and (13). Afterward, the states of the Kalman
filter (14a) are updated using K and error ê = 𝑦 − h(x̂, 𝑣).
In the next section, first the nonlinear servo system dynamics
are given and then TSFO and EKF designs for the servo
system are explained in detail.
IV. N ONLINEAR SERVO SYSTEM
Consider a DC motor whose shaft directly drives a disk
rotating in a vertical plane. A payload with an unknown
mass is attached to the disk at an off-the-center position,
see Figure 1.

The system is represented by a TS fuzzy system of the
form (2) using the sector nonlinearity approach. The servo
system can be written using the matrices
⎤
⎡
0
1
0
2
𝑚 −𝑏𝑅𝑚
A = ⎣0 −𝐾𝑅
− 𝑔𝐿𝐽𝑚 sin(𝑥1 )⎦ ,
𝑚𝐽
0
0
0
(16)
⎡
⎤
⎡ ⎤
⎡ ⎤𝑇
0
0
1
B = ⎣ 𝑅𝐾𝑚𝑚𝐽 ⎦ , a = ⎣0⎦ , C = ⎣0⎦ .
0
0
0
Given the nonlinearity in the system matrix (16), the
scheduling variable is selected as 𝑧 = − 𝑔𝐿𝐽𝑚 sin(𝑥1 ) which
depends on the position of the payload. To determine the
local models of the TS fuzzy system, the minimum and
maximum values of the position are set to 𝑥1 ∈ [0, 𝜋] radians,
in accordance with the desired positions of the payload. The
state matrices of local models in the TS system are
⎤
⎡
⎡
⎤
0
1
0
0
1
0
A1 = ⎣0 −1.6 −2.1 ⋅ 103 ⎦ , A2 = ⎣0 −1.6 −21.6⎦
0
0
0
0
0
0
(17)
and the weighting functions are obtained as follows:
𝑤1 (𝑧) =

Fig. 1.

0.0536 N m/A
3 × 10−6 kg/s
9.5
1.91 × 10−4 kg m2
9.81 m/s2
0.042 m
0 − 150 gr

A laboratory setup of the nonlinear servo system.

Due to gravity, the weight makes the dynamics nonlinear,
exactly in the same way as in a 1-DOF robotic arm. The
nonlinear dynamics are given by
𝑥˙ 1 = 𝑥2 ,
2
− 𝑏𝑅𝑚
−𝐾𝑚
𝑔𝐿𝑚
𝐾𝑚
𝑥˙ 2 =
𝑥2 −
sin(𝑥1 )𝑥3 +
𝑢, (15)
𝑅𝑚 𝐽
𝐽
𝑅𝑚 𝐽
𝑥˙ 3 = 0,

−2.1 ⋅ 103 + 𝑔𝐿𝐽𝑚 sin(𝑥1 )
,
−2.1 ⋅ 103 + 21.6

𝑤2 (𝑧) = 1 − 𝑤1 (𝑧).
(18)
As there is one scheduling variable, two subsystems and
two rules, the membership functions ℎ𝑖 (z) are equal to the
weighting functions, 𝑤𝑖 (z). The final TS fuzzy system is
obtained as
2
∑
ẋ =
𝑤𝑖 (z)(A𝑖 x + Bu),
(19)
𝑖=1
y = Cx,
where 𝑤𝑖 , A𝑖 , a and C values are defined in (18), (17) and
(16), respectively. The 𝐾𝑚 , 𝐿𝑚 and 𝐽 parameters are given
in Table I.
The TS fuzzy system (19) representing the nonlinear servo

6

system, is used to design TS fuzzy observer for velocity
and payload estimation. Using Theorem 3 and 𝛼 = 1.5, the
observer gains are calculated as
⎡
⎤
⎡
⎤
0.68
18.61
L2 = ⎣ 912.42 ⎦ × 103 .
L1 = ⎣ 333.33 ⎦ × 103 ,
−39.97
−139.38
(20)
To observe the effect of the 𝛼 (decay rate) gains, different
designs are compared in the next section.

5

[Volt]

4

3

2

1

0
0

2

Fig. 2.

B. Extended-Kalman Filter Design for Servo System
In the EKF design, the unknown payload is considered
again as an external parameter and its change with respect
to time is 𝑥˙ 3 = 0. We add normally distributed artificial
noises 𝑤 and 𝑣 to the third state and output measurement
with the variances 𝑄 = 10−1 and 𝑅 = 10−3 , respectively.
The Kalman filter dynamics are given by
⎤
⎡
𝑥
ˆ2
2
𝑚 −𝑏𝑅𝑚
x̂˙ = ⎣ −𝐾𝑅
𝑥
ˆ2 − 𝑔𝐿𝐽𝑚 sin(ˆ
𝑥1 )ˆ
𝑥3 + 𝑅𝐾𝑚𝑚𝐽 𝑢⎦ ,
𝑚𝐽
𝑤
(21)

6
Time [s]

8

10

12

Input signal.

varies as [100, 150, 90] grams, respectively. The observers are
designed in the continuous-time domain and then discretized
with the sampling time of 2 ms. The initial states of the EKF
and TSFO are chosen as x̂(0) = [0.01 0 0]𝑇 .
The resulting velocity and velocity estimation errors are
shown in Figures 3(a) and 3(b), respectively. The velocity
estimation results are very accurate and estimated values
rapidly converge to the true values.

= f(x̂, 𝑢, 𝑤),
[
]
𝑦 = 1 0 0 x̂ + 𝑣.

8
System velocity
EKF estimate
TSFO estimate

6
4
2
[Rad/Sec]

The EKF states are updated using (14a). To calculate K and
Γ, the following matrices are used

0
−2

x=x̂

0
1
2
−𝐾𝑚
−𝑏𝑅𝑚
𝑔𝐿𝑚
⎣
= − 𝐽 cos(ˆ
𝑥1 )ˆ
𝑥3
𝑅𝑚 𝐽
0
0
[
]
∂h(x)
= 1 0 0 ,
H=
∂x x=x̂ ⎡ ⎤
0
∂f(x)
N=
= ⎣ 0⎦ ,
∂𝑤 x=x̂
1
[ ]
∂h(x)
M=
= 1 ,
∂𝑣 x=x̂⎡
⎤
0 0 0
Q𝑐 = NQN𝑇 = ⎣0 0 0 ⎦ ,
0 0 0.1
[ ]
R𝑐 = MRM𝑇 = 𝑅 = 10−3 .

⎤
0
− 𝑔𝐿𝐽𝑚 sin(ˆ
𝑥1 ) ⎦ ,
0

(22)
In what follows, the observer design methods of Sections IVA and IV-B are applied to the servo system in simulation and
in real-time experiments.
V. S IMULATION R ESULTS
The goal is to estimate the velocity and the mass of the
payload using the model of the system and the position
measurement. A random piecewise constant input signal
(Figure 2) is used, designed so that the position of the
payload remains inside the range of observer design specification.
The simulation lasts for 12 s and within this interval, the
input signal is changed as [2, 5, 3, 4] volts and the payload

−4
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−8
0

2

4

6
Time [s]

8

10

12

(a) Velocity estimate
1.5
1
0.5

[Rad/Sec]

∂f(x)
F=
∂x
⎡

4

0
−0.5
−1
−1.5
EKF
TSFO

−2
0

2

4

6
Time [s]

8

10

12

(b) Velocity estimation error
Fig. 3.

Velocity estimation results (simulation).

The estimate of the payload and the payload estimation
error are presented in Figures 4(a) and 4(b). Although both
estimates are acceptable, TSFO payload estimation is more
accurate and the convergence is faster.
Relatively large peaks in the estimation errors occur when
the payload value changes. However, this estimation error
converges to zero very quickly. In Figure 4(b) we observe
that after the change of the payload, the TSFO estimate
converges more quickly to the true value of the payload than
the EKF estimate.
Table II gives the integral sum of absolute estimation
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(a) Payload estimate
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15

TABLE II

System velocity
EKF estimate
TSFO estimate

S IMULATION PERFORMANCE
𝐼𝐴𝐸
EKF
TSFO (𝛼 = 10)

Velocity
0.797
0.021

Payload
0.031
0.013

∫𝑇
error (𝐼𝐴𝐸 = 0 ∣ˆ
𝑒∣𝑑𝑡) for the two observers. It must be
noted that the choice of the 𝛼 value in (9) is important for
the performance of TSFO. The IAE obtained with several
selected values of 𝛼 is shown in Table III. The TSFO results
in the figures are plotted using the 𝛼 = 10 convergence rate.
TABLE III
P ERFORMANCE OF TSFO FOR DIFFERENT 𝛼 VALUES
𝐼𝐴𝐸
𝛼=0
𝛼=5
𝛼 = 10

Velocity
1.540
0.031
0.021

Payload
0.041
0.015
0.013

VI. E XPERIMENTAL R ESULTS
In this part, the servo system is controlled by feedback
linearization control [25], to track the reference position
𝑥1 = 𝜋/2 in a real-time experiment. The changes on the
reference signal (Figure 6(a)) are due to the change of the
payload value. However, the controller works adequately and
produces the control signal shown in Figure 5.
The EKF and TSFO observers work independently of
the controller, and the estimates obtained are illustrated in
Figures 6(a) and 6(b). It can be seen that the state estimates
are very accurate in the real-time control setting as well. A
constant 68 gram payload is mounted at one side of the disc,
while smaller payloads are added to other side. In this way,

[Rad/Sec]

10

5

0

−5

−10
0

5

10
Time [s]

15

20

(b) Velocity estimate
Fig. 6.

Estimation results (real-time).

we obtain a variable payload and are able to compare the
performance of the EKF and TSFO.
The real-time performance of the two observers is compared using the 𝐼𝐴𝐸 performance measure, see Table IV.
Both the numerical results in this table as well as the signals
presented in Figure 7(b) show that TSFO provides a better
real-time estimate of the payload and velocity.
TABLE IV
R EAL - TIME PERFORMANCE
𝐼𝐴𝐸
EKF
TSFO (𝛼 = 1)

Velocity
4.37
3.14

Payload
0.054
0.038

VII. C ONCLUSION
A Takagi-Sugeno fuzzy observer (TSFO) and an extendedKalman filter (EKF) were used to estimate the velocity and
the payload of a nonlinear servo system. The TSFO is a
nonlinear observer that uses the sector nonlinearity approach
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to model the nonlinear system under study. The TSFO can
be designed using a desired convergence rate. The EKF uses
the linearized dynamics to compute the estimates. Based on
our experiments, the initial values of the states and error
covariance matrix affects the EKF performance. When the
initialization of the states or parameter are not proper or there
exist highly nonlinear dynamics, there exists divergence of
the state and parameter estimations. On the other hand, the
TSFO performs accurately for any value within its design
region with less parameter-dependent structure.
The estimation results obtained show that the information
based on the exact knowledge of the nonlinear system in
TSFO design provides better state and parameter estimation
results than EKF, both in simulations and in a real-time
control. The ongoing works are about the adaptive payload
estimation based real-time control of a flexible transmission
system.
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