Analysis and design for periodic systems

Zs. Lendek J.Lauber T.M. Guerra

Department of Automation, Technical University of Cluj-Napoca
LAMIH, University of Valenciennes and Hainaut-Cambresis

20 September 2012
Valenciennes



Motivation

Periodic systems
@ nonlinear models with periodic parameters
@ automotive, aerospace, industrial processes
@ continuous and linear

TS fuzzy models
@ convex combination of linear models
@ well-established methods
@ conditions based on LMI

This talk
Analysis and design — discrete-time periodic TS models ’
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Periodic TS model

Discrete-time periodic TS model:
x(k+1) Z hii(z;(K)) (A ix(k) + Bju(k))

Z h;i(zj(k))C;ix(K)

x(k+1) = A ox(k) + B zu(k)
Y(K) = Gy 2x(K)

Periodicity: switching in a predefined sequence
Periods: p1, P2, - -, Pns, Pt . @

............
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Periodic Lyapunov function

Periodic Lyapunov function: defined in the switching instants J

V(x(k)) = x(K)T P zx(k)

2-sample 2-sample
_~“variation .~ variation
P |- sample 1- sample P
2 Yariation 2 ;ariation > < ’

J’A\/’ALAJ)A AJ)AJ%V’
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An example

TS subsystem

Stability
@ Quadratic Lyapunov function — none
@ Non-quadratic, switching Lyapunov function — none
@ Periodic Lyapunov function —a € [—-1.2, 1.1] _)
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Analysis

@ Problem:
x(k+1) = Aj2x(k)

@ ng subsystems
@ p1, Po, ..., Pns Periods

Periodic Lyapunov function: |

V(x(k)) = x(k) P 2x(k)
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Conditions
—Pj; (*) . (%) (*)
Mii1,2A12 =Mz +(x) ... (*) (*)
. . . . <0
0 0 R Mﬁ,z+pji—1Aj+71,Z+p,‘+71—1 Q/+1J+1
Q141 = —Mjﬂ,erp,iq + (%) + P/ﬂ,erp,i
Sufficient LMI conditions )

Q‘LAM\H
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Example

@ 2 subsystems
@ periods: p1 =2, p2 =2

x(k+1) = Sy hii(z1(k))Aqix (k)
>4 hai(z2(k))Azix (k)
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Example — contd

~0.44 —026\ , (11 02
~0.65 0.62 2= 1053 -0.27

0.02 A, _ (032 —0.15
~0.22 —044 2=\ -1 08

Ao and Ass are unstable )
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Conditions
—Pi (*) (*)
M2,zA2,z _MZ,Z + (%) (*) <0
0 Mo ;1A 701 —Mo g+ (%) + Pozi0
—P2, (*) (*)
M1 ,zA1 ,Z _M1 zt (*) (*) <0
0 Mi z11A1 244 =My 29+ (%) + Py 242

Feasible LMIs )
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A trajectory

0.51

States

2 4 6 8 10 12 14
Time
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Design problem

Periodic TS model:
x(k+1) = Aj-x(k) + Bj zu(k)
y(k) = Cjx(k)

- Scheduling variables do not depend on the estimated states

Observer

x(k+1) = A X(K) + B u(k) + M, ' Lj (y — ¥)

y(k) = CjX(k)
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Estimation error

Estimation error:
e(k+1) = (Aiz — M} L;.C; z)e(k)

Periodic Lyapunov function:
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Conditions
—Piz (%) (*) (*)
Qa Qop (%) (%)
: : <0
Q. b
0 0 ... Qp Pt
P14 <+PH‘172+P/+1>
where
Q12 = M1, 2+1A101,241 — Lit1,241Cj01,241
Qp=—My1z41+ (¥)
Sufficient LMI conditions exist J

Extension: a-sample variation J s
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Conditions — on an example

@ 2 subsystems
@ periods: p1 =2, p =1

x(k + 1) _{zm Mi(21(k))Avix (k)
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Conditions
—P2,; (*) (*)
M1,zA1,z - I—1,zC1,z _M1,z + (*) (*) <0
0 Mi z11A 201 — L1,241C1 201 —My 24 + (%) + P1, 242
( —Prz (+) <0
M2,zA2,z — L2,ZCZ,z *MZ,Z + (*) + P2,Z+1

Q‘LAM\H
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Example

0.80 0.22 —-0.82 —-0.44
- (45, 02) 0= (35 83

—-0.09 0.32 -1.25 0.33
Aoy = (0.44 0.46) Agy — <0.84 0.20>
0.93 0.41 0.52 0.67
Ci1=Ci2=(0 0) Cr1=Cp=(1 0
B=(1 0)
First subsystem not observable )
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Trajectory of the states

States
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Estimation error

1.5¢

Estimation error

2 4 6 8 10 12 14
Time
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Design problem

Periodic TS model:

x(k+1) = Aj;x(k) + B; ;u(k)

Controller:
u(k) = —FjzH; 1 x(k)

Closed-loop system:

x(k+1) = (Ajz = BizFjzH; ;)X (k)
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Conditions
—Hp1,2 — Hl 2 + Pz (*) e (%) (*)
Q11,1 —Hitz010 + () ... (%) (%)
) ) ) ) ) <0
0 0 Qe Ptz
Qi1 = At zri—1Hist,z41-1 — Bt z01—1Fj1, 2411
Sufficient LMI conditions exist J

Extension: a-sample variation J
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Conditions — on an example

@ 2 subsystems
@ periods: py =2, po =2

x(k+1) = 21 (21 (K))(Aix (k) + Byju(k))
> hai(z (k))(A2/ (k) + Boju(k))
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Sufficient conditions

—Hzz + (%) + Piz (*) (*)

A2,zH2,z - BZ,zFZ,z _H2,2+1 + (*) (*) < 0
0 AozyiHoz41 — Bozy1Fozi1 —Pozio

—Hiz+ (%) + P2z (*) (*)

A1,zH1,z - B1,zF1,z _H1,Z+1 + (*) (*) <0
0 At zi1Ht 241 — Bizi1Fi 200 —Przi2

Q‘LAM\H
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Example

15 10 0.5 10
A“‘(o o.5> A‘2_<o 0)
1+a 1 110
A21:< 0 0.5) AZZ:(O o.5>
0 1
B11=B12=<0> 32123222(())

@ areal-valued parameter
@ first subsystem not controllable
@ Aji1 unstable
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Results

a can be increased to 1500 J

0.5

15

g‘LAM\H
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Conclusions

@ Periodic nonlinear discrete-time models
@ Switching Lyapunov functions
@ Analysis and design conditions

@ Able to handle unstable/unobservable/uncontrollable local
models

@ Reducing conservativeness
@ Generalization

B LAMIH
lA
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