Switching fuzzy observers for periodic TS systems
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Abstract—This paper considers the design of observers for
periodic Takagi-Sugeno fuzzy models. The observer employed
is also a periodic one. To develop the design conditions, a
switching Lyapunov function defined at the time instants when
the subsystems switch is used. Using the developed conditions
we are able to design observers for TS models where the local
models or even the subsystems are unstable. The application of
the conditions is illustrated on numerical examples.

I. INTRODUCTION

Takagi-Sugeno (TS) fuzzy systems [1] are convex combina-
tions of local linear models, and are able to exactly represent
a large class of nonlinear systems [2].

For the analysis and design of TS models the direct Lya-
punov approach has been used. Stability conditions have been
derived using quadratic Lyapunov functions [3]-[5], piecewise
continuous Lyapunov functions [6], [7], and nonquadratic Lya-
punov functions [8]-[10] and have been in general formulated
as linear matrix inequalities (LMIs).

For discrete-time TS models, non-quadratic Lyapunov func-
tions have shown a real improvement of the design condi-
tions [8], [11]-[13]. It has been proven that the solutions
obtained by non-quadratic Lyapunov functions include and
extend the set of solutions obtained using the quadratic frame-
work.

Non-quadratic Lyapunov functions have been extended to
double-sum Lyapunov functions in [11] and later on to poly-
nomial Lyapunov functions in [14]-[16]. A different type
of improvement in the discrete case has been developed
in [9], conditions being obtained by replacing the classical
one sample variation of the Lyapunov function by its variation
over several samples (a-sample variation).

For a TS fuzzy model, well-established methods and algo-
rithms can be used to design observers that estimate unmea-
surable states. Several types of such observers have been de-
veloped for TS fuzzy systems. In general, the design methods
for observers also lead to an LMI feasibility problem.

This paper deals with a particular class of nonlinear mod-
els with periodic parameters. This kind of models can be
found in numerous domains such as automotive, aeronautic,
and aerospace or also computer control of industrial process
[17]-[20]. These systems can be represented by periodically
switching models. In the last decade, such systems have been
investigated mainly in the continuous case where the stability
is based on the use of a quadratic Lyapunov function [21]-[24]

or a piecewise one [25], [26]. Although results are available for
discrete-time linear switching systems [27], for discrete-time
TS models, few results exist [28], [29].

In this paper, we propose a switching TS observer for
periodic TS models. To develop the design conditions, we use
a non-quadratic Lyapunov function. This Lyapunov function is
useful for designing observers for a periodic TS system having
non-observable local models.

The structure of the paper is as follows. Section II presents
the notations used in this paper and a motivating example. The
proposed conditions are developed and extended for a-sample
variation in Section III. Finally, the observer design is dis-
cussed and illustrated on a numerical example in Section IV.

II. PRELIMINARIES
A. Background

In this paper we consider observer design for discrete-time
periodic TS systems. For this, we consider subsystems of the
form

2(k+1) = 3 hyul; (0) (A (k) + By ulk)

y(k) = Z hji(z;(k))Cjiz(k)

denoted in what follows as
x(k+1)= A, .x(k)+ Bj u(k)
y(k) = Cj (k)

where j is the number of the current subsystem, j; =
1,2, ..., ng, ng being the number of the subsystems,
denotes the state vector, r; is the number of rules in the jth
subsystem, z; is the scheduling vector, hj;, 1 =1, 2, ..., 7;
are normalized membership functions, and A, ;, B; ;, and C} ;,
1=1,2,...,7;,7=1,2,..., ng, are the local models.

We consider periodic systems, i.e., the subsystems defined
above are activated ina sequence 1, 1,..., 1,2, 2, ..., 2, ...,

P1 P2
Ng, Ny - -+, N, 1, 1,..., 1, etc., where p; denotes the number

Png P1
of samples for which the ith subsystem is active. In what

follows, we will refer to p; as the period of the ¢th subsystem.
0 and I denote the zero and identity matrices of appropriate
dimensions, and a (x) denotes the term induced by symmetry.



The subscript z +m (as in Aj .4.,) stands for the scheduling
vector being evaluated at the current sample plus mth instant,
i.e., z1(k+m). An underlined variable j denotes the modulo
of the variable, i.e., j = (j mod ng) +1.

In what follows, we will make use of the following results:

Lemma 1. [30] Consider a vector x € R"= and two matrices
Q = QT € R"=*" and R € R™ "= such that rank(R) < n.
The two following expressions are equivalent:

) z7Qx <0, x € {x € R,z # 0, Rz = 0}

2) IM € R™ " such that Q + MR+ RTM™ <0

Observer and controller design for TS models often lead to
double-sum negativity problems of the form

2N " hi(z(k)hy(z(k)Tiz <0 (1)

i=1 j=1
where T';;, ¢,7 = 1,2, ..., r are matrices of appropriate
dimensions.
Lemma 2. [31] The double-sum (1) is negative, if

I'ii<O

Fij+Fji<0a i,j:1,2,...,7’,i<j
Lemma 3. [32] The double-sum (1) is negative, if

I'i; <0
2

1F11+Fl]+rjz<0a i7j:172,“_’7"’i7éj

r—
Property 1. (Congruence) Given a matrix P = PT and a full
column rank matrix Q) it holds that
P>0 = QPQ" >0
Property 2.
M
M,
matrices. Then

[33](Schur complement) Consider a matrix
M12>, with My, and Mo being square
Mo
M11 <0
Mooy — MiTQMflle <0
o Msyo <0

M1 — M12M2_21Mir2 <0

B. A motivating example

M<O<:>{

In the literature, one of the main assumptions on switching
systems is that the switching can occur at any time, between
any two subsystem. However, for periodic systems, the ex-
tra knowledge of when and between which subsystems the
switching will occur can lead to more relaxed conditions.
Consider for instance the switching TS system, composed of
two subsystems, as follows. The first subsystem is a TS one,
with local matrices

09 0.1 —-0.5 0.2
An = (0.2 ().8) A1z = ( 0.4 0.9)
while the second one is a linear one, with the state matrix

given by
0.8 0.1
Az = (0.2 a )

where a is a real-valued parameter, a € [—2, 2]. Using a
common quadratic Lyapunov function, one is not able to prove
stability of the switching system for any a. Even using a
nonquadratic, switching Lyapunov function, stability cannot
be proven for any a € [—2, 2]. However, if we know that the
system switches from one subsystem to the other at every time
instant, the stability of the switching system can be proven [34]
for a € [—1.2, 1.1]. Consequently, by using the knowledge of
when and how a periodic system switches, can significantly
relax the stability conditions.

Observer design condition are in general obtained from
stability conditions of the estimation error dynamics. There-
fore, more relaxed stability conditions in general lead to more
relaxed observer design conditions. In what follows, we extend
the results presented in [34] to observer design.

ITI. OBSERVER DESIGN

In this section, consider the observer design problem for the
periodic TS model

x(k+1)= A, x(k)+ B, u(k)

y(k) = C; k) @

with ng subsystems, each subsystem j, 7 = 1,2, ..., ng,
being active for p; time samples. The observer we use is of
the form

3)

that is also periodic, with the same periods as (2). For this
paper, we assume that the scheduling variables do not depend
on the states that have to be estimated, and consequently they
can be used in the observer.
The estimation error is given by

e(k+1) = (4. — M; [ L;.Cj .2 )e(k) )
and the design conditions are equivalent to finding M; ; and
Ljis, 7 = 1,2,...,ng, 4 = 1,2,...,r; so that (4) is
asymptotically stable. Note that the estimation error (4) is also
a periodic TS system.

A. Design conditions

First, we consider observer design such that (4) is asymp-
totically stable. The results will be extended for a-sample
variation, similar to [9] in the next section.

Consider the observer (3) for the periodic TS system (2),
composed of ng subsystems, with each subsystem i being
active for p; samples, ¢ = 1, 2, ..., ns. Then, the following
results can be stated.

Theorem 1. The estimation error (4) is asymptotically stable,
lfthere exist Pjﬂ' = PJJ;L > 0, Mj,i; Lj,i j = 1, 2, .. ., Ng, =



1,2, ..., 1}, such that the following conditions are satisfied: leads directly to

=P, (¥ ... (%) (*) —Pi. (x) ... (¥ (%)
Qoo Qop - (*) (%) Qo Qb ... (%) (%)

: : : : : <0 : : : <0

0 0 o Q. ( Qp@’b ) . ' . ' ij.‘"l7b

Pt +Pﬂvz+pﬂ 0 0 - qu,a <+Pj+1,z+m‘+1)
5) T (6)
where with
Do =M1 2014112410 — Ljt1,241C5 41,241
. — B Vo = Mjt1,2414541,241 — Lj1,:41C5 41,241

Qp=—Mji1,41+ (%)

JT Oy = —M.: + (*
for =0, ..., pjt1 — 1, where j denotes the modulo of j. bb JHL=H ()

Remark: Note that j + 1 is used because due to the [OF!=0,...,pjp1—1.

periodicity the ng + ith subsystem is in fact the ¢th one.
Proof: Consider the following switching Lyapunov func-
tion, similar to the one used by [27], but defined only in the

instants when a switching takes place in the error dynamics: In what follows, we extend the result above using an a-
sample variation [9] of the Lyapunov function. Then, the
V(e(k)) = e(k)" P,.e(k) P " e

following conditions can be stated:
for j = 1, 2, ..., ng, if the active subsystem before the kth
time instant was j.

B. a-sample variation

Theorem 2. The periodic TS system (4) with periods

The difference in the Lyapunov function is P1. P2, .- Pn, is asymptotically stable, if there exist Pj; =
ijz'1>0’ Mji; Lji,j:1,2,...,ns,i:1,2,...,rj,
Vie(k+pj+1)) — Vie(k)) = I = 1,2,..., a, such that the following conditions are
( e(k) >T (—Pj,z 0 ) ( e(k) ) satisfied:
ek + pi) . ! . Fitotpn ) \ek+pm1) —Pj.  (x) ... (%) (%)
The error dynamics during the p;4;1 samples are Q10 o .- (%) (%)
e (k) S z s <0
e(lk+1) 0.
. — ) Jtost—1
Tin : =0 ! ! Qﬁa’pmil <+Pj+o¢,z+t>
7)
k + s o (
elk +pys) where t =" | pjyi, and
with —
Gjti0 —1 .. 0 0 Qjtig = Mjtiz1Ajviztt — Litiz1Citiznl
Y = 0 Gj_“’l 0 0 Qjpig = =My + (¥)
0 0 o Gisippa 1 Jorl=0,...,t-14i=1,2,..., .

Proof: Similarly to Theorem 1, consider the switching Lya-
punov function defined only in the instants when a switching
takes place in the error dynamics:

: -1
with Gr = Ajerons = My oibjtan Gz L=
0, 1, ,pmfl

Using Lemma 1, the difference in the Lyapunov function is

negative definite, if there exists M such that V(@(k)) = e(k)TPjyze(k)
-P;., 0 ... 0
0 0 ... 0 for j =1, 2, ..., ng, if the active subsystem was j.
+ MY+ (x) <0 Since the Lyapunov function is only defined in the switching
T ' instants, the a-difference in the Lyapunov function corre-
0 0 o Biirpin sponds to o consecutive switches in the system. Consequently,
Choosing the a-difference in the Lyapunov function is
Mjiu 8 X V(e(k +1) - V(e(k)) =

M= (;) M%%H (:) (e(?c(i)t)>T(}5jﬁz Pj+2-,z+t) (e(z(?t))

[}
0 0 . Mj+1vZ+Pm—1 where t = Zi:l pm



The error dynamics during the ¢ samples corresponding to
the v switches in the system are

e(k)
e(k+1)
Fj+1:j+a : =0
e(k+1)
with
G I ... 0 0
0 Giries - 0 0
Ljtij4a = : : . .
0 0 Girasrior 1
with Gjyiopr = Ajrizrr — Mo LjriziCipizyts 0 =
1,2, ..., a,l=12 ..., t—1.

Using Lemma 1, the difference in the Lyapunov function is
negative definite, if there exists M such that

-P;, 0 ... 0
0 0 ... 0
. , + MTj 11540+ (x) <0
0 0 P14t
Choosing
0 0 0
Mji,. 0 0
M = 0 Mm,z-‘rl ve 0
0 0 coo Mjyazit—1
leads directly to (7). U

IV. DISCUSSION

First, let us discuss how exactly the conditions derived in
Section III-A are applied. For simplicity, consider a switching
TS model consisting of two subsystems, i.e., we have:

€ — Z:;l hlz(zl(k'))Ahm(k‘)
(k+1) {2231 hai(z2(k)) Aziz (k) N

_ )2 iz (k) Cra(k)

y(k) {Efﬂ hai(z2(k))Cam (k)

Assume that the period of the first subsystem is 2, and the
period of the second subsystem is 1, i.e., p; = 2 and py = 1.
The switching in the system and in the Lyapunov function are
depicted in Figure 1. As can be seen, the Lyapunov function
(with matrices P; and P») is defined only in the moments
when there is a switching in the system: from A; , to Ay,
or from Ay, to Aj., respectively. A 1-sample variation of
the Lyapunov function corresponds to the difference between
two consecutive values of the Lyapunov function. A 2-sample
variation corresponds to the difference after 2 samples of the
Lyapunov function, etc.

2-sample 2-sample
variation variati
1- sample 1- qample
2 arlatlon 2 varlatlon
LL’A\/’AJ/’A J/’AV’AJ)AJ‘A\)
k+1  k+2 k+3 k+t4 k+5 kt+6 kt7

Fig. 1. Switches in the system and in the Lyapunov function.

For system (8), the conditions of Theorem 1 correspond
to there exist Pj; = PT >0, M, Lig, j = 1,2, 1 =

1,2, ..., 1}, so that the followmg conditions are satisfied:
—P, (%) >
’ <0
( Qoo —Mo,+ (%) + Pazna
P (%) (%)
Mo —Mi.+(x) (%) <0
0 Q1 —Mi 41+ (%) + Prayo o)
with Qzl = % Z+ZA’L z4+l — i,z+lci,z+ls 1=1,2, I = 0, 1.

Relaxed LMI conditions can be formulated using Lemmas 2
and 3, e.g.,

Corollary 1. The system (8) is asymptotically stable if there
exist P;; = PT >0, M, j,i=1, 2, so that

1 1 1 1
Fi1i2i3i4i5 + Fi2i1i3i4i5 + Fi1i2i4i3i5 + Fi2i1i4i3i5 <0
2 2
F111213 + Flglllg < 0
i1,192,13,%4,15 = 1, 2, i < j, m < n, where
—Py, (*) (*)
r! | Qi =M, £ (%) (%)
1112130415 O Q _J\4’1 is + (*)
1,ig,i4 +P1,i5

2 _ (~Pua (*)
i1i2i3 Doy i —Mag, + (%) + Poyy

where 11y iy = Mig1i, Aiv1i, — Liv1,4,Clariy, [ =1, 2,

’i1,i2:17 2, ey T

Let us now consider a 2-sample variation of the Lyapunov
function. The conditions of Theorem 2 become there exist
Pj; P>OMJ1,L]l,j,l—12Z—12
s0 that the following conditions are satisfied:

—Pi: (%) (%) (*)
D20 Q20 (%) (*)

J;

0 Qi Qon (¥ <0
0 0 Qo2 Qo+ Pri.y3
mad
1,0 1,0 (* *
0 Ql 1 91’1 B (*) < 0
0 0 Q22 Qoo+ Po.ys
with Qzl - % z+lAz z4+l — i,z+lCi,z+l» Qi,l - _Mi,erl +

(%),i=1,2,1=0, 1.
Sirnilarly to the 1-sample variation, relaxed LMI conditions
can be formulated using Lemmas 2 and 3.



p -

Time

Fig. 2. A trajectory of the states of the switching system.

Note that the conditions do not require that the the local
matrices of the TS system are either stable or observable. We
illustrate this on the following example.

Example 1. Consider the switching fuzzy system with two
subsystems, each having period 2, i.e., p1 = p2 = 2 as follows:

) 2imi hi(z(k))Aviz(k) + Bu
k= {Zz 1 hoi(za(k))Agix(k) + Bu

3 bz (k) Cr(k)
v = {zL hai(z2(k)) Ca(h)

with
A — (080 022 _[(—0.82 —0.44
= 1-0.09 0.32 ~\-1.25 0.33
0.44 046\ , _ (0.84 0.20
0.93 0.41 227 10.52 067
0112012:(0 O) 0212022:(1 0)
B=(1 0)"

A21 =

The local models Ai1 and Aio are not observable, since
the measurement matrices C11 and Cio are zero. Moreover,
Ao is unstable, its eigenvalues being (—1.1834 0.6934).
The membership functions are as follows. hyi1 is randomly
generated' in [0, 1], hia = 1 — hyy and hay = cos(z1)?,

A trajectory of the states of the switching system, for the
initial state (1 l)T and a randomly generated input is
illustrated in Figure 2.

Due to the unobservable and unstable local models, for this
switching system it is not possible to design an observer using
either quadratic or nonquadratic Lyapunov functions, that are
common for both subsystems. Due to the unobservability and
unstability of local models, the LMIs available in the literature
for observer design are unfeasible.

'We use a random membership function because the first subsystem is not
observable.

1.5
1 | = =
5
& 05
o
Qo
T
E 0 ==
k7]
it}
-0.5
] — L . . L L .
2 4 6 8 10 12 14
Time
Fig. 3. Estimation error using the designed observer.

However, using the conditions of Theorem 1 we obtain a
solution. The conditions used are those in (7). Solving them?
using the relaxation of [31], we obtain’

055 —0.21 0.55 —0.22
Pu= <—0.21 0.54 ) Pz = (—0 22 0.56 )
AL (074 —0.06 0.69 —0.21
n=1_0.14 0.65 —0. 14 0.58
Lu=(0 0)" = (0
p_ (104 —0.08 (117 —0.08
27 —0.08 0.71 — 0. 08 0.76
Ao — (090 —0.16 0.90 0.05
217 10.03 0.76 —0.17 0.73

Ly = (0.36  0.84) Ly = (0.87 0.40)

A trajectory of the estimation error, with the estimated initial
. T . . .
state being (O O) is presented in Figure 3. As expected, the
error converges to zero.
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